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Abstract
A Hamiltonian formulation of the classical world-sheet theory in a generic, ge-
ometric or non-geometric, NSNS background is proposed. The essence of this for-
mulation is a deformed current algebra, which is solely characterised by the gener-
alised fluxes describing such a background. The construction extends to backgrounds
for which there is no Lagrangian description – namely magnetically charged back-
grounds or those violating the strong constraint of double field theory – at the cost of
violating the Jacobi identity of the current algebra.
The known non-commutative and non-associative interpretation of non-geometric
flux backgrounds is reproduced by means of the deformed current algebra. Fur-
thermore, the provided framework is used to suggest a generalisation of Poisson-Lie
T-duality to generic models with constant generalised fluxes. As a side note, the re-
lation between Lie and Courant algebroid structures of the string current algebra is
clarified.
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1 Introduction
Non-linear σ-models [1] have been of great importance in particle physics and gravity. In
particular two dimensional ones play an important role in the study of integrable models
and string theory. In the latter they are descriptions of a string in a curved target space.
The Lagrangian of such a σ-model is characterised by a metric G and a 2-form gauge
field B on the target space.1 Studying the physical properties of these models reveals
geometrical structure. Two prominent examples are the equations of motion and the
1-loop β-functions. Former is given by the geodesic equation to a torsionful connection –
the sum of the Levi-Cevita connection to the metric G and a torsion term determined by
the H-flux, H = dB. The 1-loop β-function to the coupling on the other hand is given by
the (generalised) Ricci tensor to this torsionful connection [2–4].
1We are be interested in the classical properties of the model and ignored the term proportional to the
world-sheet Ricci scalar containing the dilaton, as it is not relevant to the classical (world-sheet) theory.
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As long as the background is globally geometric – meaning only diffeomorphisms and
B-field gauge transformations are necessary for gluing coordinate patches – metric and
B-field are globally well-defined and seem to be an appropriate description of the back-
ground. But not all backgrounds in string theory can be described as such. So called
non-geometric backgrounds have been shown to arise naturally as T-duals of geometric
backgrounds [5]. The ones we consider here can be understood as T-folds [6–8], meaning
that we allow for patching with T-duality transformations as well. They are expected to
make up a big part of the landscape of string theory [9–13], this includes not only duals
of geometric backgrounds but also genuinely non-geometric backgrounds. These back-
grounds can be described in terms of generalised geometry [14–16] or the generalised
fluxes. These fluxes arise as parameters in gauged supergravities [17,18], are the basis
of a formulation of double field theory [13,19–27] and have been shown to be related to
the non-commutative and non-associative interpretations of these backgrounds [28–35].
The aim of this article is to present a convenient formulation of the world-sheet the-
ory which highlights the role of these generalised fluxes, making the non-geometric fea-
tures more apparent than the not generally globally defined Lagrangian data G and B.
The key result of this article is that a Hamiltonian description in terms of non-canonical
coordinates on the string phase space achieves this objective. All the physical informa-
tion about the background is encoded in a deformation of the Poisson structure
Π
def = Πη + Πbdy. + Πflux. (1.1)
The canonical Poisson structure consists of an O(d, d)-invariant part Πη and a bound-
ary contribution Πbdy., relevant for open strings and winding along compact directions.
Πflux is characterised exactly by the generalised fluxes. Apart from Πbdy. this perspec-
tive already appeared back in [21,22] or in [36] for geometrical H-flux backgrounds. On
the other hand non-geometric fluxes were already introduced as generalised WZ-terms
in first order Lagrangians [37, 38], but only for a certain choice of generalised vielbein.
Other perspectives on the connection of σ-models, current algebras and generalised ge-
ometry include [39–44]. In particular O(d, d)-invariant Hamiltonian setups and their
non-geometric interpretation have been studied already in [45,46].
Before we state the main results and outline the structure of the paper, let us mo-
tivate the approach to our paper in two ways. The first one is a review of the Hamil-
tonian description of an electrically charged point particle in a magnetically charged
background in electromagnetism. The second point is a collection of examples from the
integrable models literature. Both points share the feature of a possible description by
a free Hamiltonian and a deformed Poisson resp. symplectic structure.
1.1 Point particle in an electromagnetic background
As a motivational example, that shares many features with the string in NSNS back-
grounds, let us consider a relativistic point particle with mass m and electric charge q
in an arbitrary electromagnetic field [47, 48]. At first we define it by an electric poten-
tial A = Aµdxµ with field strength F = dA = Fµνdxµ ∧ dxν. A convenient choice2 of
2The free Hamiltonian H f ree =
e
2m p
2 with 4-momentum p is obtained via a Polyakov trick with the
einbein e so that H f ree is indeed the constraint corresponding to time reparameterisation invariance in this
case. After gauge choice e = 1 and minimal substitution we are left with above Hamiltonian.
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Hamiltonian, H = 12m (p− qA)2, together with the canonical Poisson structure gives the
equations of motion
x˙µ =
1
m
piµ ≡ 1
m
(pµ − qAµ) and p˙iµ = q
m
Fµνpi
ν. (1.2)
Alternatively this problem can be phrased in terms of new coordinates on the phase
space (xi, pii) with the kinematic momentum piµ. Let us note a few important character-
istics of this formulation, which will also be key points in the string discussion:
• Preferred non-canonical phase space coordinates. In terms of kinematic momentum
piµ the Hamiltonian is H =
piµpi
µ
2m , so we have a ’free’ Hamiltonian. All background
data - the coupling to the electromagnetic field - is encoded in the deformed Poisson
brackets
{xµ, xν} = 0, {xµ, piν} = δµν , {piµ, piν} = qFµν, (1.3)
resp. a the deformed symplectic structure ω = ω0 + qF. The Jacobi identity of the
Poisson bracket resp. the closedness of ω is equivalent to the Bianchi identity in
the standard Maxwell equations:
dω = 0 ⇔ dF = 0. (1.4)
The field equations for F can also be phrased conveniently in terms of the symplec-
tic structure: ∂µωµν = 4pij
(e)
ν .
• Generalisation to magnetically charged backgrounds. In this formulation there is
no need to refer to the potential A, it is phrased only in terms of the field strength
F. So it is well suited for generalisations to magnetically charged backgrounds with
⋆dF = 4pij(m).
Alternatively one could take another point of view, namely to consider this as a
free particle in non-commutative or, in case dF 6= 0, even non-associative momen-
tum space. This fact is basis for a example and toy model for the treatment of
non-associative phase spaces [49–53]. Recently it has been shown that such a non-
associative, or almost symplectic, phase space can be realised in a higher dimen-
sional symplectic one [54,55].
• Charge algebra. This coordinate change in phase space (a symplectomorphism
in the case without magnetic sources3) is simply the local field redefinition from
canonical to kinematic momenta
ω = −dθ = d(pµdxµ) = d(piµ + qAµ) ∧ dxµ = dpiµ ∧ dxµ + qF. (1.5)
3To make this problem symmetric in electric and magnetic terms we could consider a dyon (q, g) in an
electromagnetic background F, e.g. a particle with Lorentz force p˙iµ =
1
m
(
qFµν + gF˜µν
)
piv, thus correspond-
ing to the deformed symplectic structure is ω = ω0 + qF + g ⋆ F, which is not symplectic anymore, as soon
as we have any electric or magnetic sources for F. For the dyon then there is no (local) field redefinition
anymore connecting the two formulations.
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1.2 Integrable models and deformations of current algebras
The principal chiral model, the theory of the embedding of a classical string into a group
manifold G, is one of the most important toy models for the study of integrable σ-models.
It can be defined by a Hamiltonian
H =
1
2
∫
dσ
(
κab j0,a j0,b + κab j
a
1 j
b
1
)
(1.6)
and the following Poisson structure, the current algebra,{
j0,a(σ), j0,b(σ
′)
}
= − f cab j0,c(σ)δ(σ− σ′){
j0,a(σ), j
b
1(σ
′)
}
= − f bca jc1(σ)δ(σ− σ′)− δab∂σ′δ(σ− σ′) (1.7){
ja1(σ), j
b
1(σ
′)
}
= 0.
f cab are structure to the Lie algebra g of G and κ its Killing form. We take ∂τ = {·, H}.
The Hamiltonian equations of motion contain both the flatness condition dj + 12 [j, j] = 0
and the equations of motion d ⋆ j = 0. We have j0,a = (g−1∂0g)a = pa and ja1 = (g
−1∂1g)a =
ei
a∂xi. This identification will be different for distinct current algebras/models and is
what we later call a (generalised) frame. We still have to define the brackets between
the jα and functions f on G:{
j0,a(σ), f (x(σ
′))
}
= −∂a f (x(σ))δ(σ− σ′) ≡ −eai∂i f (x(σ))δ(σ− σ′),
{
j1,a(σ), f (x(σ
′))
}
= 0,
where we chose some coordinates x on G.
The principal chiral model possesses many deformations which preserve one its most
interesting properties: its classical integrability. Although integrability will not be the
main focus of this paper, one detail of these integrable deformations motivates our ap-
proach - the deformations can be understood as deformations of the current algebra (1.7)
instead of the deformation of a Hamiltonian or Lagrangian.
• The introduction of a WZ-term in the Lagrangian can be accounted for by a change
of the j0-j0 Poisson bracket in comparison to (1.7){
j0,a(σ), j0,b(σ
′)
}
WZW
= − ( f cab j0,c(σ) + k fabc jc1(σ)) δ(σ− σ′). (1.8)
Classically k can be considered as a deformation parameter. See for example the
standard textbook [56] for more details on the Hamiltonian treatment of the WZW-
model.
• The σ-model Lagrangian of the η-deformation was discovered in [57, 58] and its
target space interpretation as a q-deformation of the original group manifold was
given in [59]. It can also be represented by a modication of the current algebra, as
such it arose already in [60]. Compared to (1.7) the Poisson bracket between the j1
is:
{
ja1(σ), j
b
1(σ
′)
}
η
=
η2
1− η2 f
abc j0,c(σ)δ(σ− σ′). (1.9)
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• The λ-deformation was introduced directly in terms of a deformation of the current
algebra, originally for G =SU(2) in [61] and later generalised to arbitrary groups
in [62], accompanied with a Lagrangian derivation. It can be completed to super-
gravity solutions, corresponds to certain q-deformations of the original group and
has been argued to be equivalent via Poisson-Lie T-duality and analytic continua-
tion of the deformation parameter η ↔ ±iλ to the η-deformation [63–66].
Again after some rescaling of the currents compared to the original articles the
λ-deformation corresponds only to a change in the j1-j1-Poisson bracket:
{
ja1(σ), j
b
1(σ
′)
}
λ
= − λ
2
1+ λ2
f abc j0,c(σ)δ(σ− σ′). (1.10)
Phrased like this in the Hamiltonian formalism and compared to (1.9), we see di-
rectly that λ- and η-deformations are equivalent via analytic continuation η ↔
±iλ.
With this short survey we have motivated that in the Hamilton formulation deforma-
tions of the current algebra are a convenient playground. In fact we will see that every
bosonic string σ-model can be represented by the free Hamiltonian and a modified cur-
rent algebra.
A related discussion of the SU(2) principal chiral model aimed on the features con-
nected the generalised geometry can be found in [67].
1.3 Main results and overview
Strings in arbitrary σ-model backgrounds Let us define the Hamiltonian theory
of a string in an NSNS background characterised by the (geometric and globally non-
geometric) generalised fluxes FABC. In terms of phase space variables EA(σ) the Hamil-
tonian takes the form of a ’free’ Hamiltonian
H =
1
2
∮
dσ δABEA(σ)EB(σ), (1.11)
whereas the background data, namely the generalised fluxes FABC is encoded in the
deformed current algebra
{EA(σ1), EB(σ2)} = 1
2
ηAB(∂1 − ∂2)δ(σ1 − σ2)− FC AB(σ)EC(σ)δ(σ1 − σ2)
+ boundary term, (1.12)
where η is the O(d, d)-metric. The EA are a priori abstract, but from a Lagrangian per-
spective they are connected to Darboux coordinates (xi, pi) via EA = EA
IEI = EA
I
(
pi, ∂x
i
)
.
EA
I is a generalised vielbein. The Hamiltonian equations of motion of a string in a
generic background take a convenient form. We recognise them as a Maurer-Cartan
equation pulled back to the world-sheet.
dEA + 1
2
FABCEB ∧ EC = 0 and EA = δAB ⋆ EB. (1.13)
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The connection to a σ-model Lagrangian respectively a choice of ’Darboux coordinates’
is given by a generalised vielbein EA
I , s.t.
FABC =
(
∂[AEB
I
)
EC]I (1.14)
with ∂A = EA I
I∂I . Such a frame exists if the Jacobi identity of the current algebra (1.12),
which is equivalent to the Bianchi identity of generalised fluxes
∂[AFBCD] −
3
4
FE[ABFCD]E = 0, (1.15)
is fulfilled.
Brackets on the phase space Let us summarise the different local forms of canonical
(Poisson) brackets, which we will discuss in that article, phrased in an O(d, d)-covariant
way.
current bracket :
{
EI(σ1), EJ(σ2)
}
=
1
2
ηI J(∂1 − ∂2)δ(σ2− σ1) + 1
2
ωI J
∫
dσ∂
(
δ(σ− σ1)δ(σ− σ2)
)
Poisson bracket :
{
xi(σ1), pj(σ2)
}
= δijδ(σ1 − σ2) = 0 (1.16)
DFT bracket:
{
XI(σ1), XJ(σ2)
}
= ηI JΘ¯(σ1 − σ2) with Θ¯(σ) = 12sign(σ)
The unspecified boundary term in (1.12) stems from the second term in canonical cur-
rent algebra. Here we have that
EI(σ) = (pi(σ), ∂x
i(σ)) and ω =
(
0 −1
1 0
)
.
For the open string it gives a boundary contribution but also for closed strings it might
give a one, e.g. from winding along compact directions. Of the three properties – skew-
symmetry, Jacobi identity and O(d, d)-invariance – Lie, Courant and Dorfman bracket
satisfy two each and the third one up to such a total derivative term under the σ-integral.
E.g. the above form (1.16) is the Lie bracket on sections of (T ⊕ T⋆)LM, where M is the
target space and LM denotes the configuration space of the string in M. Without the
second term (1.16) would be a Courant bracket, which is O(d, d)-invariant and skew-
symmetric but violates the Jacobi identity by such a total derivative term under the
σ-integral.
This second term has been neglected in previous literature but becomes crucial for
the non-geometric interpretation of the current algebra. For example only when it is
considered the current algebra of the locally geometric pure Q-flux background is asso-
ciative as expected. This is shown in section 5.
Generalisations to magnetically charged and double field theory backgrounds
The world-sheet theory as a Lagrangian σ-model is only defined in ’electric’ backgrounds.
I.e. these are those that fulfil (1.15), and are locally geometric.
Instead the Hamiltonian formulation in the generalised flux frame extend straight-
forwardly to magnetically charged and locally non-geometric backgrounds. If we have
a magnetically charged background the Bianchi identity of generalised fluxes (1.15) is
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not fulfilled. This means we cannot find a generalised vielbein that will connect the de-
formed current algebra (1.12) to the canonical one (1.16). Analogously to the case of the
point particle in an magnetic monopole background the violation of the Bianchi identity
corresponds to a violation of the Jacobi identity of the current algebra.
In order to study the world-sheet theory in a double field theory background we do
not need to double the phase space. The dual field x˜ is not independent and given by
pi(σ) = ∂x˜i(σ). Allowing for a dependence of the generalised vielbein on the original as
well as the dual coordinates might induce an additional strong constraint violating term
in the deformed current algebra (1.12). This term will be non-local in general and leads
to a modification of the Virasoro algebra of world-sheet diffeomorphisms. But, even if the
background generalised vielbein fulfils the strong constraint by itself, the Jacobi identity
of generic functions of this doubled phase space is only fulfilled up to strong constraint
violating terms, e.g.
{Ψ, {φ1, φ2}}+ c.p. =
∫
dσ1dσ2
1
2
(ηKL + ωKL) φ
K
[1(σ2)
δΨ
δX I(σ1)
δφL2](σ2)
δXI(σ1)
+ other terms,
where φi =
∫
dφIi (σ)EI(σ) and Ψ, φ
I
i (σ) are (multilocal) functionals of the fields XI(σ) =
(x˜i(σ), x
i(σ)). See section 4.3 for more details.
Non-geometric interpretation Going to the generalised flux frame is very conve-
nient in the current algebra. Given such a deformed current algebra, we decompose EA
to (e0,a(σ), ea1(σ)) and define ∂y
a = ea1. These coordinates y
a are the ones which show a po-
tentially non-geometric, e.g. non-commutative or non-associative, behaviour. We obtain
their Poisson brackets simply by integrating the deformed current algebra (1.16).
This is in contrast to many previous derivations of the non-geometric nature of the
backgrounds which relied on finding mode expansions first. In section 5 we show that
we reproduce the known results on open strings in a constant B-field background and
closed strings in a constant Q-flux background.
Classical generalised T-dualities The framework easily realises abelian T-duality.
For Poisson-Lie T-dualisable resp. the E-models [65,68] the current algebra is exactly of
the kind (1.12) with
Fcab = f
c
ab, Fc
ab = f c
ab
and Fabc = F
abc = 0,
where the constants f cab and f c
ab
are structure constants to a Lie bialgebra [69,70]. The
duality transformations are linearly realised in that basis. We show that for certain
parameterisations of FABC there exists an extension of Poisson-Lie T-duality, which we
call Roytenberg duality. It nevertheless relies on the same trick as Poisson-Lie T-duality,
namely that a Poisson-bivector on a group manifold realises a constant generalised flux
background.
We discuss these (generalised) T-dualitiesthe as canonical transformation. The gen-
erating functions for these can be implicitly defined by FQAB = −ηABQAB, where theQAB
are o(d, d)-charges on the phase space fulfilling
{
Q[AB], EC
}
= ηC[AEB].
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Structure of the paper Section 2.1 sets conventions and aims to clarify our inter-
pretation of the generalised flux backgrounds. The review of the string in an H-flux
background in section 2.2 sets the basis for further discussion and introduces the H-flux
as a twist of symplectic structure. Based on observations in that section we distinguish
the algebraic structures of the phase space in section 3.
The central result – the formulation of string theory in an arbitrary generalised flux
background by a free Hamiltonian but a deformed current algebra – is derived in sec-
tion 4.1. This includes a discussion on the general form of the equations of motion, the
Virasoro constraints, the boundary term and the generalisation to magnetically charged
backgrounds. In section 4.2 and 4.3 the investigation on (generalised) T-dualities and
motivated by this a brief extension of the previous discussion to double field theory back-
grounds follow.
In section 5 we propose a direct non-geometric interpretation of the deformed cur-
rent algebra and confirm that it reproduces the standard results of an open string in a
constant B-field backgrounds and of a closed string in a constant Q-flux background. We
close with some outlooks and potential further directions.
2 Preliminaries
2.1 Generalised fluxes and non-geometric backgrounds
In this section we collect and review well-known material about generalised geometry
and generalised fluxes in order to clarify our conventions and prepare later discussions.
We refer to standard reviews of double field theory [13, 23–26], generalised geometry
[15,16] and the generalised flux formulation [27] for more details.
Generalised metric and generalised vielbeins We define O(d, d)-transformations
to be 2d× 2d-matrices, which leave the O(d, d)-metric
η =
(
0 1
1 0
)
(2.1)
invariant. The action of an M ∈ O(d, d) on a (bosonic) string background, characterised
by a metric G and a 2-form gauge field B, or equivalently by the generalised metric
H(G, B) =
(
G− BG−1B BG−1
−G−1B G−1
)
, (2.2)
is given by H(G′, B′) = MH(G, B)MT. A generalised vielbein or frame EA I(x) is defined
to be any (local) O(d, d)-transformation in the component connected to the identity that
diagonalises and trivialises the generalised metric, i.e.
EA
I EB
JηI J = ηAB and EA
I EB
JHI J = γAB :=
(
γab 0
0 γab
)
, (2.3)
where γ is a flat metric in the signature of the target space and is used to raise and
lower indices a, b, ... = 1, ..., d. Indices A, B, ... = 1, ..., 2d denote the ’flat’ indices and are
raised and lowered by ηAB. Unless stated otherwise we will assume that the generalised
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vielbeins are (local) functions on the original target space with coordinates xi. With this
assumption we restrict to locally geometric backgrounds, but below and in section 4.3 we
will also discuss the generalisation to locally non-geometric backgrounds.
All generalised vielbeins can be generated by successively performing
B-shifts: E(B) =
(
1 B
0 1
)
, GL-transformations E(e) =
(
e 0
0 (e−1)T
)
(2.4)
β-shifts: E(β) =
(
1 0
β 1
)
, factorised dualities: E(Ti) =
(
1− δi δi
δi 1− δi
)
for skewsymmetric d× d-matrices B and β, an invertible matrix e (a d-dimensional viel-
bein) and (δi)jk = δijδik.
Weitzenbo¨ck connection and generalised fluxes The generalisedWeitzenbo¨ck con-
nection of such a generalised flux frame is defined by
ΩC,AB = ∂CEA
I EBI with ∂A := EA
I∂I , (2.5)
fulfilling ΩC AB = −ΩCBA due to (2.3). ∂I = (∂i, ∂i), where ∂i denotes the derivative w.r.t.
to dual coordinates x˜i, which vanishes for locally geometric backgrounds. In fact only
the totally skewsymmetric combination4 will be relevant for us: the generalised flux
FABC := Ω[C,AB] =
(
∂[AEB
I
)
EC]I . (2.6)
It includes the four fluxes – H, f, Q and R – for different choices of the indices on the
FABC
Habc ≡ Fabc, fcab ≡ Fcab = Fbca = Fabc
Rabc ≡ Fabc, Qcab ≡ Fcab = Fbca = Fabc
In a generalised flux frame (2.3) all the information about the background is stored inside
the generalised fluxes, instead of the generalised metric. The generalised metric will be
trivial in that frame.
Bianchi identities Generalised fluxes, given as above in terms of a generalised viel-
bein, cannot be chosen arbitrarily but have to fulfil the (dynamical) Bianchi identity
[27,71–73]
∂[AFBCD] −
3
4
FE[ABFCD]E = 0, (2.7)
4We use the conventions:
v[awb] = vawb − vbwa, u[avbwc] = uavbwc + cyclic perm.
u[avbwczd] = uavbwczd + (−1)sign × all permutations
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or in the decomposition into the d-dimensional fluxes
0 = ∂[aHbcd] −
3
2
Hk[abf
k
cd] = (dH)abcd
0 = ∂aHbcd + ∂[bf
a
cd] − fak[afkbc] −Hk[bcQd]ak
0 = ∂[afb]cd + ∂[cQd]
ab − fk abQkcd + f[cm[aQd]b]k −HabkRkcd (2.8)
0 = ∂aR
bcd + ∂[bQa
cd] −Qak[aQkbc] − Rk[bcfd]ak
0 = ∂[aRbcd] +
3
2
Rk[abQk
cd].
If the fluxes violate this condition they cannot by written in terms of a generalised viel-
bein via (2.6). In the following we call the corresponding backgrounds magnetically
charged.
The locally geometric T-duality chain and the non-geometric fluxes The start-
ing point in the T-duality chain is the flat 3-torus with h units of H-flux, i.e.
H = hdx1 ∧ dx2 ∧ dx3. (2.9)
A choice of B-field for this H-flux is B = hx3 dx1 ∧ dx2, such that the two commuting
isometries of the background are manifest. After a T-duality along the isometry x1 the
Buscher rules [74] produce a pure metric background. This background turns out to be
parallelisable, e.g. there is a globally defined frame field ea
i. The only non-vanishing
component of the generalised flux (2.6) is
f123 = h with f
c
ab = ej
ce[a
i∂ieb]
j. (2.10)
The interpretation of the locally geometric pure f-flux is that it is the totally skewsym-
metric combination of the spin connection of a d-dimensional vielbein.
Performing a second T-duality along x2 we arrive at the background
G =
1
1+ h(x3)2
((
dx1
)2
+
(
dx2
)2)
+
(
dx3
)2
, (2.11)
H = − h
(1+ h(x3)2)2
(
1− h(x3)2)dx1 ∧ dx2 ∧ dx3
with identifications xi ∼ xi + 1. At x3 + 1 ∼ x3 it is not possible to patch geometrically.
Instead we can describe this background by the generalised vielbein
E(Q) =
(
1 0
β 1
)
, β =
(
0 hx3
−hx3 0
0
)
⇒ Q312 = h. (2.12)
So a constant β-shift by h dx1 ∧ dx2 can be used to patch at x3 + 1 ∼ x3. In other words,
a 3-torus solely together with a constant Q-flux is characterised by a non-trivial mon-
odromy of β. The background has the interpretation of a non-commutative spacetime
with
{
x1, x2
} ∼ hw3, where w3 is the winding around the x3-cycle.
Let us summarise this in the scheme [5]
H123
T1←→ f123 T2←→ Q123 T3←→ R123. (2.13)
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The first two steps can be realised via standard abelian T-duality, whereas the last step
cannot because background (either described by a generalised metric or generalised
vielbeine) does not possess a corresponding isometry for x3. More details on the non-
geometric interpretation of these backgrounds can be found in [13,28–35].
Local non-geometry and the locally non-geometric T-duality chain In order to
allow for such T-dualities along non-isometric direction, we need to allow for the de-
pendence on dual coordinates x˜i. Derivatives with respect to them are included into
∂I = (∂i, ∂
i). The dependence of functions on the 2d coordinates X I = (xi, x˜i) is normally
restricted by constraints
strong contraint: 0 = ∂I f (X) · ∂I g(X),
weak constraint: 0 = ∂I∂
I f (X) (2.14)
for all functions f , g. The strong constraint is typically considered a consistency condition
of the gauge algebra of double field theory - as such a consistency or simplifying condition
it will also appear in section 4.3 – whereas the weak constraint corresponds to the level
matching condition acting as an operator. Now we can understand T-duality simply as
the exchange xi ↔ x˜i.
A background is called locally non-geometric, if the generalised metric resp. the
vielbein depends on the dual coordinates as well. So for example the only choice of a
generalised vielbein reproducing a pure R-flux with R123 = h is
E(R) =
(
1 0
β 1
)
, β =
(
0 hx˜3
−hx˜3 0
0
)
. (2.15)
For such a background we cannot write down a σ-model Lagrangian in the usual fashion,
as metric and B-field do not depend on the coordinates alone.
But we could also choose locally non-geometric generalised vielbeins for a pure f- or
Q-flux background, e.g.
E˜( f ) =
(
1 B
0 1
)
, B =
(
0 hx˜3
−hx˜3 0
0
)
, E˜(Q) =
(
e 0
0 (eT)−1
)
, e =
(
1 0 0
−hx˜3 1 0
0 0 1
)
.
(2.16)
It seems impossible to write down a locally non-geometric generalised vielbein for a pure
H-flux background, or locally geometric one for a pure R-flux background. The above
examples show that local non-geometry is a priori not restricted to R-flux backgrounds.
Examples and Lagrangians In the following we will include some explicit examples
of such generalised flux frames. Besides setting conventions for later discussion, we
would like to emphasise here that in our definition as components of FABC the physical
interpretation of the fluxes H, f, Q, R is frame dependent. By this we mean the Q-flux
might not correspond to a monodromy of β or closed string non-commutativity or the
R-flux not to local non-geometry, in a generic generalised frame.
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• Geometric frame. This is the standard frame of a Lagrangian σ-model given by a
metric and a B-field. Only the H-flux and the geometric f are non-vanishing
Habc = ∂[aBbc] + f
d
[abBc]d (2.17)
fcab = f
c
ab = ej
ce[a
i∂ieb]
j
Qc
ab = 0 = Rabc
The corresponding vielbein is a composition of a d-dimensional tetrad rotation and
a B-shift: E = E(B)E(e).
• Non-geometric frame (resp. open string variables). σ-models like
S = −1
2
∫
d2σ
(
1
γ−Π(x)
)
ab
ei
aej
b∂+x
i∂−xj. (2.18)
are described by the vielbein E = E
(β)
Π
E(e), with E
(β)
Π
denoting a β-shift by a bivector
Π. This results in the generalised fluxes
Habc = 0 (2.19)
fcab = f
c
ab
Qc
ab = Qc
ab = ∂cΠ
ab + f [adcΠ
b]d
Rabc = Rabc = Πd[a∂dΠ
bc] + f [adeΠ
b|d
Π
|c]e.
This is an important class of backgrounds as this parameterisation is relevant
for open strings in NSNS-backgrounds. Also non-abelian T-duals, Poisson-Lie σ-
models are of this form.
• The e-B-Π-frame. The next logical step is to introduce a frame in which all the
fluxes are non-vanishing. The nearly exclusively used choice in the literature is
the generalised flux frame for the σ-model
S = −1
2
∫
d2σ
(
1
1
γ−B(x) −Π(x)
)
ab
ei
aej
b∂+x
i∂−xj. (2.20)
The corresponding generalised vielbein is of the type E = E
(β)
Π
E(B)E(e) and the re-
sulting generalised fluxes are
Habc = ∂[aBbc] + f
d
[abBc]d (2.21)
fcab = f
c
ab + HabdΠ
de
Qc
ab = Qc
ab + HcdeΠ
ad
Π
be = ∂cΠ
ab + f [adcΠ
b]d + HcdeΠ
ad
Π
ae
Rabc = Rabc + Hde f Π
ad
Π
be
Π
c f = Πd[a∂dΠ
bc] + f [adeΠ
b|d
Π
|c]e + HcdeΠadΠae.
This has been derived several times in the literature [37,73,75].
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• The e-Π-B-frame. The previous choice was not the only possible one. For example
E = E(B)E(Π)E(e) is a valid parameterisation for which generically all the compo-
nents of FABC might be non-vanishing. Here the generalised fluxes are
Habc = ∂[aBbc] + f
d
[abBc]d + [B, B]
K.S.
abc + B[adBbeQc]
de + BadBbeBceR
de f (2.22)
fcab = f
c
ab + Q[a
dcBb]c + Π
cd∂dBab + BabBbeR
abc
Qc
ab = Qc
ab + RabdBac = ∂cΠ
ab + f [adcΠ
b]d + RabdBac
Rabc = Πd[a∂dΠ
bc] + f [adeΠ
b|d
Π
|c]e.
We recognise the (dual) Koszul derivative ∂c
Π
= Πcd∂d, which is used to define the
Koszul-Schouten bracket [ , ]K.S of forms analogously to the usual Schouten bracket
of multivector fields. This vielbein corresponds to the σ-model
S = −1
2
∫
d2σ
(
1
γ−1−Π(x) − B(x)
)
ab
ei
aej
b∂+x
i∂−xj. (2.23)
• The completely general expression for FABC in terms of a generic generalised viel-
bein can be found in [13], also including a vielbein which might violate the strong
constraint.
In contrast to the case in the T-duality chain, where only one of the fluxes H, f, Q, R was
turned on, the single components have no general interpretation. E.g. here there can be
R-flux in a locally geometric background, if other fluxes are turned on as well.
Global non-geometry Metric and B-field, encoded in the generalised metric, are only
defined locally. If the patching involves only B-field gauge transformations and
d-dimensional diffeomorphisms we call the background globally geometric. On the other
hand for a generic non-geometric background we can patch as
H′I J(G′(x), B′(x)) = MI K(x)(HKL(G(x), B(x))MJ L(x) (2.24)
for an MKL(x) ∈O(d, d). In a corresponding generalised flux frame (2.3) we have that the
’internal’ generalised metric HAB = EA IHI J EB J is trivial and globally well-defined. The
generalised vielbein will in general be defined only patch-wise and patched via E′A I(x) =
MI
J(x)EA J(x). The generalised fluxes transform according to
F˜ABC = FABC + E[A
JEB
K(∂C]M
I
J)MIK. (2.25)
’O(d, d) gauge transformations’ are those M(x) for which the second term vanishes such
that, as expected, the generalised fluxes are globally defined description in a non-geometric
backgrounds. Such O(d, d) gauge transformations include for example
• in the geometric frame: geometric gauge transformations, i.e. B-field gauge trans-
formations and d-dimensional diffeomorphisms.
• in the geometric frame with H = 0: certain (coordinate dependent) β-shifts in non-
holonomic coordinates, s.t. both Qc
ab = 0 and Rabc = 0. Such β-shifts exist, homo-
geneous Yang-Baxter deformations of group manifolds are of this kind for exam-
ple [76]. It has been shown that these correspond to a non-local field redefinition
in the Lagrangian [77].
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• frame independent: all constant O(d, d) transformations, including factorised dual-
ities. For example the constant Q-flux background in the T-duality chain is of this
type, where M is a constant β-shift.
As (2.25) shows the allowed MI
J(x) depend on the generalised frame EA
I under inves-
tigation. Not all of these necessarily have to be interpretable as standard abelian T-
duality, for example they might also correspond to non-abelian T-duality transforma-
tions [78].
Finding such a generalised flux frame for some given generalised metric H is non-
trivial and not unique, as we have a huge gauge freedom5. There is in general no pre-
ferred frame, except if we can find a globally well-defined generalised vielbein (this case
is called a generalised parallelisable manifold - see e.g. [16]). We are only concerned
with local properties of the target space in the following, so all statements involving the
generalised vielbeins EA
I are to be understood in a single patch.
In section 4 we strive for a Hamiltonian formulation of classical string theory given
directly in terms of these globally well-defined generalised fluxes FABC. This formulation
will only hide the fact that in principle we still need to work in the different coordinates
patches in which the EA
I are defined. Steps towards a more rigorous discussion of global
issues have been taken in [43, 44] in the present context of current algebras and loop
groups as phase space.
2.2 String in an H-flux background
The generalisation of the point particle in a electromagnetic field (section 1.1) to strings
in a geometric H-flux background was achieved in [36]. We review this result here to set
a basis for later discussion. Consider the σ-model of a (classical) string in a geometric
background, defined by metric G and Kalb-Ramond field B.
S = −1
2
∫
dxi ∧ (Gij(x) ⋆+Bij)dxj (2.26)
Free loop space The configuration space of a closed string moving in a manifold M is
the (free) loop space
LM =
{
x : S1 → M, σ 7→ x(σ)
}
.
We denote elements of LM by x or xi(σ), working in a coordinate patch of M. We take
σ to have values between 0 and 1 and in a slight abuse of nomenclature for LM also
sometimes discuss open strings, by discussion of different boundary conditions on the
x(σ).
The class of smooth functions on LM, that we will consider most often, are (multi-
local) functionals on M
F : LM → R, F[x] =
∮
dσ1...dσn f (x(σ1), ..., x(σn))
induced by smooth functions f : M × ...× M → R – in particular this includes all the
background fields and fluxes. We assume no explicit σ-dependence required by indepen-
dence under σ-reparameterisations.
5Condition (2.3) fixes only the gauge for the flat internal indices, the gauge freedom corresponds to the
gauge freedom of the original HI J.
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The tangent space T(LM) is spanned by variational derivatives and consists of ele-
ments
V[x] =
∮
dσ V i[x](σ)
δ
δxi(σ)
∈ T(LM).
For simplicity of the notation, we will write V i(σ) ≡ V i[x](σ). These V i(σ) are also only
implicit functions of σ, i.e. ∂V i(σ) ≡ ∫ dσ′∂xj(σ′) δ
δx j(σ′)V
i(σ), where δ =
∮
dσ δxi(σ) δ
δxi(σ)
is the de Rham differential on LM and we use the notation ∂ ≡ ∂σ.
Not all functions on LM are related to multilocal functionals of smooth functions on
M. E.g., take the winding number
w =
∮
dσ ∂x(σ), (2.27)
where x(σ) = x + wσ + oscillators, is a total derivative under the integral over the
closed circle, but the coordinate x(σ) itself is not a smooth function on the circle. So not
all expressions
∮
dσ ∂(...) are expected to vanish.
Twisted symplectic structure Following the same steps as in section 1.1, we express
the symplectic structure in terms of the kinematic momenta pii := pi + Bij(x)∂x
j
ω =
∫
dσ δpi(σ) ∧ δxi(σ) (2.28)
=
∫
dσ
(
δpii ∧ δxj − 1
2
Hijk(x)∂x
kδxi ∧ δxj + 1
2
∂
(
Bij(x)δx
i ∧ δxj
))
.
Up to the total derivative term, the symplectic structure is twisted in a B-field gauge
independent way, by the H-flux, similarly to the electromagnetic case (1.5). Imposing
that the symplectic form (2.28) is closed,
δω =
1
6
∮
dσ∂[iHjkl](x) ∂x
i δxj ∧ δxk ∧ δxl = 0, (2.29)
requires that H is a closed 3-form on M. If we instead neglect the boundary contribu-
tion in the symplectic two-form (2.28), we get such a contribution for the closure of the
symplectic form
δωbdy = ∂
(
Hijk(x)δx
i ∧ δxj ∧ δxk
)
(2.30)
up to a total derivative term. So together with the Hamiltonian
H =
1
2
∮
dσ
(
Gij(x)piipij + Gij(x)∂x
i∂xj
)
(2.31)
this defines a world-sheet theory in backgrounds which are magnetically charged under
the NSNS flux, e.g. the NS5-brane - in particular in and near these magnetic sources,
but requiring that the phase space there is only almost symplectic.
The total derivative terms in (2.28) resp. (2.29), which naively vanish for closed
strings, are for example relevant for
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• open strings ending on D-branes. A contribution to the symplectic structure from a
(potentially pure-gauge) B-field on the brane is the well known source for the fact,
that we find non-commutative gauge theories on the brane. In the present context
of deformations of the symplectic/Poisson structure this has been discussed in [36],
in particular closedness of the symplectic structure requires H
∣∣
D−brane = 0 if we
neglect the boundary term in the current algebra. For the some of the models
motivating this article D-branes have been discussed, i.e. Poisson-Lie σ-models
[79] or λ-deformations [80].
• winding strings. As discussed above the winding number w = ∮ dσ ∂x(σ) along a
compact direction is such an integral over a total derivative. In section 5 we show
that such winding contributions need to be considered so that the current algebra
still satisfies the Jacobi identity.
• globally non-geometric backgrounds. E.g. consider the Q-flux background obtained
from the standard T-duality chain of T3 with q units of H-flux, expressed in terms
of a metric G and the H-flux (2.11). We expect a contribution of a monodromy
H(1)−H(0). But let us note that also the Hamiltonian (2.31) is not well-defined at
x3 + 1 ∼ x3 in the geometric frame.
Choosing the generalised flux frame instead – here in particular the one for the
pure Q-flux background – should give a globally well-defined description of the
background and be used to twist the symplectic structure. Hence this is the route
we want to take in the following, in particular in section 4, and the main results of
this article.
It turns out that these twists by the generalised fluxes are more conveniently defined in
terms of the variables pi(σ) and ∂x
i(σ) and their Poisson structure, the current algebra6:{
∂xi(σ), ∂xj(σ′)
}
=
{
pi(σ), pj(σ
′)
}
= 0,
{
∂xi(σ), pj(σ
′)
}
= δij∂σδ(σ− σ′). (2.34)
Let us make a the connection between what follows in the next sections and the above
twisting of the symplectic structure by the H-flux. Going to kinematic momentum pij the
Poisson brackets are{
∂xi(σ1), ∂x
j(σ2)
}
= 0,
{
∂xi(σ1), pij(σ2)
}
= δij∂1δ(σ1 − σ2). (2.35){
pii(σ1), pij(σ2)
}
= −Hijk(σ1)∂xk(σ1)δ(σ1 − σ2) +
∫
dσ∂
(
Bij(σ)δ(σ− σ1)δ(σ− σ2)
)
6The current algebra and its deformations could in principle also be phrased in terms of a symplectic
structure. But in case of such a Poisson structure containing so-called ultralocal terms, the symplectic
structure will be non- resp. bi-local:
ωcurrent =
∫
dσ1dσ2Θ¯(σ1 − σ2)δpi(σ1) ∧ δ(∂xi)(σ2), (2.32)
where Θ¯ is the step function with δσΘ¯ = δ(σ). Trying to invert the H-twisted Poisson current algebra (2.28)
to obtain a twisted ωcurrent we get:
ωI J(σ1, σ2) =
(
Aij(σ1, σ2) δ
j
i Θ¯(σ1 − σ2)
−δji Θ¯(σ1 − σ2) 0
)
with
∫
dσ2∂
2
1Aij(σ1, σ2) = −Hijk∂xk(σ1) (2.33)
neglecting boundary terms.
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The Jacobi identity imposes, of course equivalently to (2.29), ∂[iHjkl] = 0 and in case we
neglect the total derivative term in (2.35) H
∣∣
D-brane
= 0.
3 Current algebra and algebroid structures
This sections aims to clarify the relation between the standard current algebra, derived
from the canonical Poisson structure, and the Courant algebroid structure first discussed
in [36]. Different versions of O(d, d)-invariant and -covariant current algebras exist in
the literature, all of these differ by total derivative terms
∫
dσ ∂(...).
3.1 Definitions
Let us first define our notation and collect some well-known facts about the algebroid
structures relevant to us [13–15,21,22,42,75,81–85].
Lie algebroid A vector bundle E → M over a manifold M with a Lie bracket [ , ]L, i.e.
skew-symmetric and satisfying the Jacobi identity, on the space of sections Γ(E) and an
chor, a linear map ρ : E → TM, is called a Lie algebroid (over M), iff [ , ]L together with
the anchor ρ satisfies the Leibniz rule
[φ1, f φ2]L = (ρ(φ1) f ) φ2 + f [φ1, φ2]L, for φ1, φ2 ∈ Γ(E), f ∈ C∞(M).
[ , ] is the Lie bracket on TM and the fact that ρ is a homomorphism of Lie brackets
ρ([φ1, φ2]L) = [ρ(φ1), ρ(φ2)] ,
follows from the Leibniz rule.
Courant algebroid A Courant algebroid over a manifold M is a vector bundle E → M,
together with a bracket [ , ]D on Γ(E), a fibre-wise non-degenerate symmetric bilinear
form 〈 , 〉E and an anchor ρ : E → TM, satisfying the following axioms:
[φ1, [φ2, φ3]D]D = [[φ1, φ2]D, φ3]D + [φ2, [φ1, φ3]D]D
[φ1, f φ2]D = (ρ(φ1) f )V2 + f [φ1, φ2]D
[φ, φ]D =
1
2
D〈φ1, φ2〉
ρ(φ1)〈φ2, φ3〉 = 〈[φ1, φ2]D, φ3〉+ 〈φ2, [φ1, φ3]D〉
for φi ∈ Γ(E), f ∈ C∞(M) and the derivation D : C∞(M)→ E:
〈D f , φ〉 = ρ(φ) f .
We call [ , ]D Dorfman bracket in the following, it is also called generalised Lie derivative
in the literature. From the first to axioms follows that ρ is a homomorphism of brackets.
The third axiom implies that [ , ]D is not skew-symmetric, the first axiom describes a
certain Jacobi identity for this non skew-symmetric bracket.
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Skew-symmetric realisation A Courant algebroid as defined above possesses an
equivalent representation via a skew-symmetric bracket
[φ1, φ2]C =
1
2
([φ1, φ2]D − [φ2, φ1]D) = [φ1, φ2]D − 1
2
D〈φ1, φ2〉,
which we call Courant bracket. It satisfies modified axioms – in particular, the Jacobi
identity only holds up to a total derivation by D
[φ1, [φ2, φ3]C]C + c.p. = D
(
1
3
〈[φ1, φ2]C, φ3〉+ c.p.
)
. (3.1)
The standard Courant algebroid on TM ⊕ T⋆M The Courant bracket for sections
φ = v + ξ ∈ TM⊕ T⋆M is given by
[φ1, φ2]C = [v1, v2] + Lv1ξ2 −Lv2ξ1 −
1
2
d (ξ2(v1)− ξ1(v2)) . (3.2)
In the following we use the notation φ = φI∂I with ∂I = (∂i, dx
i) where the action of dxi
on functions is dxi. f = 0. Then the coordinate expression for Courant resp. Dorfman
bracket is:
[φ1, φ2]
I
C = φ
J
[1
∂Jφ
I
2] +
1
2
ηJKφ
J
[1
∂I φK2], [φ1, φ2]
I
D = φ
J
[1
∂Jφ
I
2] + ηJKφ
J
1∂
I φK2 , (3.3)
where η is the O(d, d) metric, which raises indices I, J = 1, ..., 2d. The anchor is simply
projection to TM: v + ξ 7→ v.
One motivation for the Courant bracket from the point of view of the study of T-
dualities is, that it possesses an invariance under global O(d, d)-transformations (mani-
fest through the index structure in (3.3)) and also under the geometric subgroup of local
O(d, d)-transformations, namely diffeomorphisms and B-field gauge transformations via
∂i → ∂i + Bij(x)dxj with dB = 0 .
3.2 Current algebra as Lie and Courant algebroids
The current algebra derived from the canonical Poisson structure is given by (2.34). We
write it in an O(d, d)-covariant way, defining EI(σ) = (pi(σ), ∂x
j(σ)),
{EI(σ1), EJ(σ2)} [σ] = 1
2
ηI J(∂1 − ∂2) (δ(σ− σ1)δ(σ− σ2)) + 1
2
ωI J∂
(
δ(σ− σ1)δ(σ− σ2)
)
(3.4)
without neglecting the second total derivative term and where we employ the nota-
tion: {·, ·} = ∮ dσ ({·, ·} [σ]).7 The second term containing ω = ( 0 −1
1 0
)
is a total
derivative under the σ-integral and not invariant under O(d, d)-transformations. It is
the boundary term that was already discussed in section 2.2.
7Here and later in the text we make use of the distributional identities
(∂1 + ...+ ∂n)
(
δ(σ− σ1) · ... · δ(σ− σn)
)
= ∂
(
δ(σ− σ1) · ... · δ(σ− σn)
)
(3.5)
1
2
e(σ1) · e−1(σ2)(∂1 − ∂2)
(
δ(σ− σ1)δ(σ− σ2)
)
=
1
2
(∂1 − ∂2)
(
δ(σ− σ1)δ(σ− σ2)
)
1− ((∂e) · e−1)(σ)δ(σ− σ1)δ(σ− σ2)(
f (σ2)∂1 + f (σ1)∂2
)
δ(σ− σ1)δ(σ− σ2) =
(
∂ f (σ)
)
δ(σ− σ1)δ(σ− σ2) + ∂
(
f (σ)δ(σ− σ1)δ(σ− σ2)
)
for arbitrary (matrix-valued) functions e and f , which hold without any additional boundary terms.
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3.2.1 Algebroids over LM
To compare it to the definitions of the previous sections, let us compute the algebra of
arbitrary multilocal ’charges’. A section φ ∈ Γ(E) is given by
φ = φ[x] =
∮
dσ φI
(
σ
)
EI(σ) (3.6)
The Poisson bracket between these sections φ is
{φ1, φ2} =
∮
dσ1dσ2EI(σ1)
(
φJ
[1
(σ2)
δ
δX J(σ2)
φI2](σ1) +
1
2
φJ
[1
(σ2)
δ
δXI(σ1)
φ2]J(σ2)
+
δ
δXI(σ1)
1
2
(
ωKLφ
K
1 (σ2)φ
L
2 (σ2)
))
(3.7)
with δ
δX I (σ)
:=
(
δ
δxi(σ)
, 0
)
. Also, we have a natural anchor map ρ : E → T(LM) defined via
the Poisson bracket
φ ∈ Γ(E) 7→ ρ(φ) = { · , φ} =
∫
dσφi(σ)
δ
δxi(σ)
∈ Γ(T(LM)). (3.8)
The Leibniz rule follows from the properties of the fundamental Poisson brackets. Also
the Jacobi identity
{φ1, {φ2, φ3}}+ c. p. = 0 (3.9)
holds identically, i.e. without any total derivative terms under the σ-integrals. For this
we have to use δ
δX I (σ)
F δ
δXI (σ)
G for arbitrary functions F, G on LM, which is the strong
constraint of double field theory on LM and follows here from our definition of δ
δX I(σ)
.
Resultantly the full (multilocal) charge algebra is a not only a Lie algebra as expected,
but also a Lie algebroid (E, {·, ·} , ρ) over the free loop space LM. It is something which
could be called standard Lie algebroid of the generalised tangent bundle (T ⊕ T⋆)(LM),
for which the Lie bracket is the semi-direct product of TM, with the Lie bracket and
T⋆M for an arbitrary manifold M,
[φ1, φ2]L = [v1, v2] + Lv1ξ2 −Lv2ξ1. (3.10)
From (3.7), which is written in an O(d, d)-covariant way, we see that the Lie algebroid
bracket is not invariant under O(d, d)-transformations due to the presence of the last
term containing ω.
There is a natural non-degenerate inner product on E → LM induced by the O(d, d)-
metric η on (T ⊕ T⋆)M:
〈φ1, φ2〉 =
∫
dσ ηI J φ
I
1(σ)φ
J
2(σ). (3.11)
This product is the canonical bilinear form on (T ⊕ T⋆)LM. Following the definition D,
〈DF, φ〉 = ρ(φ)F, we find the derivation
DF[x] =
∫
dσ EI(σ)
δ
δXI(σ)
F[x] =
∫
dσ∂xi(σ)
δ
δxi(σ)
F[x] (3.12)
=
∫
dσ1...dσn(∂1 + ....+ ∂n) f (x(σ1), ..., x(σn)) .
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With the help of these objects we can define the standard Courant algebroid on (T⊕
T⋆)LM, for which the Courant resp. Dorfman bracket take the form8:
{φ1, φ2}C =
∮
dσ1dσ2EI(σ1)
(
φJ
[1
(σ2)
δ
δX J(σ2)
φI2](σ1) +
1
2
φJ
[1
(σ2)
δ
δXI(σ1)
φ2]J(σ2)
)
(3.17)
{φ1, φ2}D =
∮
dσ1dσ2EI(σ1)
(
φJ
[1
(σ2)
δ
δX J(σ2)
φI2](σ1) + φ
J
1(σ2)
δ
δXI(σ1)
φ2(σ2)
)
(3.18)
The anchor ρ is the projection onto T(LM) and we have as for any manifold that the
standard Courant algebroid over LM is an exact Courant algebroid, as the sequence
T⋆(LM)
ρT−→ E ρ−→ T(LM) (3.19)
is an exact one.
But in contrast to an arbitrary manifold we see that the derivation D produces a
total derivative terms under the σ-integral, which vanishes for multilocal functional
F[x], induced by well-defined smooth functions f : M× ....× M → R. But for open string
this will give a boundary contribution and even for closed strings topological quantities
like winding can arise as discussed in section 2.2 – e.g.
∫
dσ ∂x 6== 0 for a winding
string along a compact direction parameterised by x. In particular the last term of (3.7),
which spoiled the O(d, d)-invariance should not be neglected.
For any manifold M, we have that of the three properties – skew-symmetry, Jacobi
identity and O(d, d)-invariance – each of the three brackets – Lie, Courant or Dorfman
– satisfy two identically and the third one up to a total derivation term (under D). In
contrast to previous literature we will keep track of the total derivative terms at times
in the following. In section 5 it is shown a contribution from this total derivation term
is indeed necessary to ensure associativity of the subalgebra of zero modes (meaning
center of mass coordinate x and momentum p, and winding w) even in locally geometric
backgrounds. This agrees with the discussion in this section, where we expect a viola-
tion of the Jacobi identity of the Courant bracket (by a total derivation term), but by
assumption a Lie algebroid structure of the phase space.
3.2.2 Algebroids over M
In this paragraph we want to tackle two questions
8For convenience of the reader we also give all the relevant brackets in a local form in terms of the basis
EI(σ) of the current algebra:
• Brackets:
Lie :
{
EI(σ1), EJ(σ2)
}
[σ] =
1
2
ηI J(∂1 − ∂2)
(
δ(σ− σ1)δ(σ− σ2)
)
+
1
2
ωI J∂
(
δ(σ− σ1)δ(σ− σ2)
)
(3.13)
Courant :
{
EI(σ1), EJ(σ2)
}
[σ] =
1
2
ηI J(∂1 − ∂2)
(
δ(σ− σ1)δ(σ− σ2)
)
(3.14)
Dorfman :
{
EI(σ1), EJ(σ2)
}
[σ] = ηI J∂1δ(σ− σ1)δ(σ− σ2) (3.15)
• Non-degenerate O(d, d)-invariant inner product:〈
EI(σ1), EJ(σ2)
〉
[σ] = ηI Jδ(σ− σ1)δ(σ− σ2) (3.16)
3 CURRENT ALGEBRA AND ALGEBROID STRUCTURES 22
• Can we find bundle maps e⋆, such that
T⋆M
eT
⋆−→ T⋆(LM) ρ
T
−→ E ρ−→ T(LM) e⋆−→ TM (3.20)
is a (non-exact) Courant algebroid over M with anchor e⋆ ◦ ρ?
• Does such a bundle map e⋆ also extend to a homomorphism of Lie resp. Courant
algebroids? What happens to the total derivation terms?
In general these questions seem to go beyond the scope of this article, both for reasons
of mathematical rigor - which seems to be required if we consider bundle maps which
keep track of more of the ’non-local’ structure of the full current algebra - and also for
physical reasons - we work in a fully generic background so far, so no mode expansion of
the basis EI(σ) is available. A stringy expansion of the full current algebra could be an
interesting question for further study. A more rigorous study of the current algebra and
loop space structure of the phase space can be found in previous literature [43,44].
Nevertheless we can find a simple example. Let us consider the bundle map
e0
⋆
: v =
∫
dσ1...dσnv
i(x(σ1), ..., x(σn))
δ
δxi(σ1)
7→ vi(x) ≡ vi(x, ..., x)∂i, (3.21)
which is something like the push-forward of the evaluation map of the loop space, e0 :
LM → M, x(σ) 7→ x ≡ x(σ0) for some σ0. This bundle map is simply the projection
from the loop space phase space to the phase space associated to a point of the string. It
induces an anchor e0
⋆
◦ ρ, as we can show that e0 is an Lie algebra homomorphism. This
can be used to view the current algebra as an algebroid over M, not only over LM.
It extends easily to a complete (Lie resp. Courant) algebroid homomorphism E →
(T ⊕ T⋆)M. Consider the generic bracket on E,
{φ1, φ2}a,b =
∫
dσ1dσ2EI(σ1)
(
φJ
[1
(σ2)
δ
δX J(σ2)
φI2](σ1) +
1
2
φJ
[1
(σ2)
δ
δXI(σ1)
φ2]J(σ2)
+
δ
δXI(σ1)
1
2
(a ωKL + b ηKL) φ
K
1 (σ2)φ
L
2 (σ2)
)
(3.22)
for some a, b ∈ R, which incorporates all brackets discussed in the previous section. e0
⋆
defines a bracket on (T ⊕ T⋆)M
e0
⋆
{φ1, φ2}I =
{
e0
⋆
φ1, e
0
⋆
φ2
}I
= φJ
[1
∂Jφ
I
2] +
1
2
φJ
[1
∂I φ2]J +
1
2
∂I (a ωKL + b ηKL) φ
K
1 φ
L
2 (3.23)
and is a true Courant algebroid homomorphism, but the brackets (3.22) differ only by
total derivative term under the integral, so they might be argued to be equivalent for
sufficiently nice charges for closed strings - but their projections to points are truly in-
equivalent. This issue is quite logical because the map e0
⋆
does not really correspond to a
point-particle limit the string9, but to a restriction of the total phase space (the current
algebra) to a local phase space associated to one point on the string. Total derivative
terms correspond to a kind of flux on the string, which adds up to zero for closed strings
without winding.
9An obvious candidate for this would seems to be a bundle map associated to the zero mode projection
e¯ : LM → M, x(σ) = x0 + x¯(σ) 7→
∫
x0 ≡ dσx(σ) = x0. (3.24)
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4 TheHamiltonian realisation of the generalised flux frame
In the last section we only had a very generic look on aspects of current algebras, valid
for arbitrary backgrounds - we did not introduce any dynamics. This section aims to
show how the Hamiltonian world-sheet theory in any generalised flux background can
be defined by a Hamiltonian of the form of the one of the free string. All the background
information is encoded in a deformation of the Poisson structure. This deformation of the
current algebra will be accounted for by the generalised (geometric and non-geometric)
NSNS fluxes, in perfect analogy to the point particle in an electromagnetic field. This
generalises the result of [36], reviewed in section 2.2. Many aspects of this were dis-
cussed already in [37,38] from a Lagrangian point of view and for a certain parameteri-
sation of generalised vielbeins reviewed in section 2.1.
4.1 Hamilton formalism for string σ-models
Let us consider a generic string σ-model coupled to metric and B-field of a d-dimensional
target space
S = −1
2
∫ (
Gij(x) dx
i ∧ ⋆dxj + Bij(x) dxi ∧ dxj
)
. (4.1)
Choosing conformal gauge, we find the Hamiltonian to be
H =
1
2
∮
dσHI J (σ) EI(σ)EJ(σ) (4.2)
where HI J(σ) is the generalised metric (2.2), which depends on σ via the coordinate
dependence of G and B. EI(σ) = (pi(σ), ∂x(σ)), where pi(σ) is the canonical momentum,
fulfils the canonical current Poisson brackets (3.7).
Generalised fluxes in Hamiltonian formalism Assume we have a generalised flux
frame describing our background, e.g. a generalised vielbein EA
I(x) with
EA
I(x)EB
J(x)HI J (G(x), B(x)) = γAB =
(
γab 0
0 γab
)
, (4.3)
where γab is some convenient flat metric in the signature of the target space, e.g. γab =
δab. We could be tempted to phrase the Hamiltonian world-sheet theory also in terms of
a new basis of the current algebra: EA = EA
IEI. The Hamiltonian is again of the form of
a ’free’ Hamiltonian:
H =
1
2
∫
dσ γABEA(σ)EB(σ) (4.4)
But the push-forward bundle homomorphism,
e¯⋆ : φ :
∫
dσφi(σ)
δ
δxi(σ)
7→
(
dσφi(σ)
)
, (3.25)
turns out have several issues. Written as such
• It is conceptually ill-defined, because we add vectors of tangent spaces at different points. We would
need to transport them back to x0 before summing them up.
• It will not be an algebra homomorphism.
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Thus all the information is expected to be encoded in the current algebra. The redefini-
tion EA = EA
IEI of (3.4) results in the twisted current algebra
{EA(σ1), EB(σ2)} [σ] = 1
2
ηAB(∂1 − ∂2) (δ(σ1 − σ)δ(σ2 − σ)) + 1
2
∂ (ωAB(σ)δ(σ1 − σ)δ(σ2 − σ))
− FC AB(σ)EC(σ)δ(σ1 − σ)δ(σ2 − σ), (4.5)
with FABC = (∂[AEB
I)EC]I , or decomposed into the four components H, f, Q and R:{
e0,a(σ), e0,b(σ
′)
}
= − (fcab(σ)e0,c(σ) + Habc(σ)ec1(σ)) δ(σ− σ′){
e0,a(σ), e
b
1(σ
′)
}
= −
(
fbca(σ)e
c
1(σ) + Qa
bc(σ)e0,c(σ)
)
δ(σ− σ′)− δba∂σ′(σ− σ′) (4.6){
ea1(σ), e
b
1(σ
′)
}
= −
(
Qc
ab(σ)ec1(σ) + R
abc(σ)e0,c(σ)
)
δ(σ− σ′)
with EA(σ) =
(
e0,a(σ), ea1(σ)
)
. In contrast to the η-term the total derivative term contain-
ing ωAB is not invariant under this change of basis as
ωAB(σ) = EA
I(σ)EB
J(σ)ωI J 6=
(
0 −1
1 0
)
AB
(4.7)
in general. e-transformations leave the ωI J-term invariant compared to (3.4), whereas
for example a B- resp. a β-shift leads to
ω(B) =
(
2B −1
1 0
)
resp. ω(β) =
(
0 −1
1 −2β
)
. (4.8)
Equations of motion The Hamilton equations of motion are
d ⋆ ec +
1
2
(
Qc
ab + Hcmnγ
maγnb
)
ea ∧ eb + 1
2
f{akcγb}kea ∧ ⋆eb = 0 (4.9)
dec +
1
2
(fcab + R
cmnγmaγnb) e
a ∧ eb + 1
2
Q{akcγb}kea ∧ ⋆eb = 0 (4.10)
with one-forms ec = eαcdσα. In terms of a Lagrangian formulation these correspond to
an equation of motion and a world-sheet Bianchi identity. The Hamiltonian formalism
does not distinguish between these two ’types’ of equations of motion, showing that it is
a convenient framework to study dualities.
The equations of motion of the string in an arbitrary locally geometric background
can be encoded very conveniently into the O(d, d)-covariant form
dEA + 1
2
FABCEB ∧ EC = 0, with EA := (ea, ⋆ea) resp. EA = γAB ⋆ EB. (4.11)
In this form the equations of motion are nothing else than the pullback E = x⋆E of a
structure equation for frame fields EA I(x)dX
I together with the constraint ⋆EA = γABEB.
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Virasoro constraints To complete the description of a string theory in a generalised
flux background we give the Virasoro constraints and their properties. There is, of
course, nothing new to expect - they are a consequence of world-sheet reparameteri-
sation invariance and hold identically. Similarly to the Hamiltonian, the constraints
and their properties take the same form as the ones for the string in flat space. This
relies solely on the fact that the FABC are totally skew-symmetric. The conservation of
the energy-momentum tensor additionally requires the equation of motion as usual. So
we can phrase the whole dynamics of a string solely in terms of the generalised fluxes
without referring to the generalised vielbeins.
With the definition Tαβ =
2√−h
δS
δhαβ
and choosing a generalised flux frame EA as before,
these constraints take the form (in flat gauge on the world-sheet)
T00(σ) = T11(σ) = +
1
2
γABEA(σ)EB(σ) = 0,
T01(σ) = T10(σ) = +
1
2
ηABEA(σ)EB(σ) = 0. (4.12)
Moreover, their respective zero modes H and P correspond to world-sheet derivatives
∂τ = {·, H} and ∂σ = {·, P}. Even if we consider the current algebra with all boundary
contributions (3.13), we get the standard Virasoro algebra
{T±±(σ1), T±±(σ2)} [σ] = ±2 (T±±(σ1) + T±±(σ2)) 1
2
(∂1 − ∂2)(δ(σ− σ1)δ(σ− σ2)),
{T±±(σ1), T∓∓(σ2)} [σ] = 0. (4.13)
Conservation of the energy momentum tensor holds on-shell (4.11) and for totally skew-
symmetric FABC
∂+T−−(σ)± ∂−T++(σ) = ±FABC(σ)γCDEA(σ)EB(σ)ED(σ) = 0. (4.14)
Let us note, that in the following we continue discuss the unconstrained current
algebra. In this way the results in the next sections can be applied to generic σ-models,
not only string ones. For a discussion of Dirac brackets in the current algebra in context
of the generalised metric formulation see [45,46].
Deformation of current algebra structure and generalised fluxes The approach
taken above shows a generalisation of the previously known statement, demonstrated in
sections 1.1 and 2.2 for point particles in Maxwell background or strings in H-flux back-
grounds, that the coupling to these background fields can be encoded in a deformation
of the symplectic structure of the phase space – in contrast to introducing interaction
terms in the Lagrangian or the Hamiltonian. So locally the world-sheet theory in any
generalised flux background is characterised by
{EA(σ1), EB(σ2)} = ηAB∂1δ(σ1 − σ2)− FC AB(σ)EC(σ1)δ(σ1 − σ2) (4.15)
in terms of the generalised fluxes FABC, neglecting total derivative terms, together with
a ’free’ Hamiltonian H = 12
∮
dσγABEA(σ)EB(σ) (and similarly the full set of Virasoro
constraints).10
10From this point of view, we could imagine to generalise to a current algebra twisted by the Weitzenbo¨ck
connection ΩC AB (2.5)
{EA(σ1), EB(σ2)} = ηAB∂1δ(σ1 − σ2)−ΩC AB(σ)EC(σ1)δ(σ1 − σ2). (4.16)
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This formulation focuses on the physical content of a background, namely the glob-
ally well-defined fluxes opposed to the potentially not globally well-defined objects in
the generalised metric formulation. In the case of the point particle in an electromag-
netic background or the string in H-flux background, this formulation also seemed to
be gauge invariant under A- resp. B-field gauge transformation. Indeed, all the objects
in the twisted current algebra (4.15) transform as a tensor under O(d, d) gauge trans-
formations EA′ → EA′AEA. With O(d, d) gauge transformation, we mean as defined in
section 2.1 precisely those EA′ , under which FABC transforms as a tensor. So all results
are expected to take a gauge covariant form, as is usual in the generalised flux formula-
tion of double field theory [27]. The Bianchi identity, which will be discussed in the next
paragraph, will serve as an example for that.
If we wanted to define the Hamiltonian theory only by means of (4.15) and a ’free’
Hamiltonian H, we need to specify the Poisson brackets between the EA and functions
of the phase space as well:{
EA(σ), f (x(σ
′))
}
= ∂A f (x(σ))δ(σ− σ′) (4.17)
with ∂A = EA
I∂I and ∂I = (∂i, 0) as before.
Bianchi identities and magnetically charged backgrounds In analogy to the ex-
amples in section 2, let us show what kind of consistency condition the Jacobi identity of
the deformed Poisson brackets implies
0 =
{
E[A(σ1),
{
EB(σ2), EC](σ3)
}}
[σ] + c. p. (4.18)
=
((
∂[AFBC]D(σ) + F
E
D[AFBC]E(σ)
)
ED(σ) + FABC(σ)∂
)
δ(σ− σ1)δ(σ− σ2)δ(σ− σ3)
=
(
∂[AFBCD] −
3
4
FE[ABFCD]E
)
ED(σ)δ(σ− σ1)δ(σ− σ2)δ(σ− σ3).
We recognise the Bianchi identity of generalised fluxes (2.7) in the last line which takes
the form of a covariant derivative [27]
∂[AFBCD] −
3
4
FE[ABFCD]E = ▽[AFBCD] = 0. (4.19)
This calculation holds exactly, meaning without neglecting total derivative terms, if we
start with the full form of (4.5) including the total derivative term there. Instead, we
could simplify (4.5) to (4.15) neglecting the total derivative term as previously done in
the H-flux case, see section 2.2 or [36].11 As a consequence we expect an additional
total derivative term in the calculation (4.18) – similar to the differences between Lie
This however seems to be a substantial change in the theory, as the Virasoro algebra (4.13) and the conser-
vation of the energy momentum tensor (4.14) relies on the total skewsymmetry of FABC.
11On reason for doing this is that the equations of motion for an open Dirichlet string for example, con-
sidering all the boundary terms coming from (3.4), take the inconvenient form
dEA(σ) + 1
2
FABC(σ)EB(σ) ∧ EC(σ) = 12 (η
AB + ωAB)γBCEC(σ1)δ(σ− σ1)
∣∣σ1=1
σ1=0
. (4.20)
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algebroids and Courant algebroid structures discussed in section 3. This is indeed the
case, the Jacobi identity implies
1
2
∫
dσ ∂
(
∂[AωBC]
)
= 0. (4.21)
So, e.g. in the geometric frame and for an open Dirichlet string we have
1
2
∂[aω
(B)
bc]
∣∣
D-brane
= Habc
∣∣
D-brane
= 0 (4.22)
and all components vanishing as a sufficient condition for associativity of the phase
space. This reproduces the boundary contribution to open strings in an H-flux back-
ground in the Jacobi identity section as expected in section 2.2 resp. ref. [36].
In full analogy to the point particle in magnetic monopole backgrounds, we expect
violations of this Bianchi identity and thus of the Jacobi identity of our current algebra
for magnetically charged backgrounds. Such backgrounds like NS5-branes and its T-
duals have been studied in [27,86,87] in the generalised flux formulation.12 They would
source the Bianchi identity like.
∂[AFBCD]−
3
4
FE [ABFCD]E = JABCD. (4.23)
In principle this implies that inside the magnetic sources the background cannot be
described anymore by a generalised vielbeins that gives the generalised flux FABC (2.6).
This means that in this case we cannot untwist the current algebra and that it is not
possible to find a Lagrangian description of the world-sheet theory.13 Working in the
Hamiltonian formalism we still have to specify a generalised vielbein resp. frame, in
which all the objects are phrased, although this vielbein will not account for the whole
amount of FABC.
4.2 Classical T-dualities
The discovery and examination of (generalised) T-dualities followed the path of con-
structions on the Lagrangian level. A classical proof of a duality is finding that such a
construction corresponds to a canonical transformation.14
In this section we want to pinpoint peculiarities on T-duality from the point of view
of the Hamiltonian formalism in the generalised flux frame. We reverse the logic and
construct canonical transformations that can be interpreted as (classical) T-dualities
between different σ-model Lagrangians.
12In [27] also the following Bianchi identities/potential source terms have been discussed:
J = ∂AFA − 12F
AFA +
1
12
FABCFABC,
JAB = ∂CFCAB + 2∂[AFB] − FCFCAB
with FA = Ω
B
BA + 2∂Ad, where d is the generalised dilaton. We do not expect an appearance of these terms
in the classical world-sheet theory, as they do explicitly contain the dilaton and the Weitzenbo¨ck connection.
Thus we will not consider them in the following. From the side of gauged supergravity both FABC as well as
FA are known to correspond to electric gauging parameters [17,18].
13Phrased in other words, there are no Darboux coordinates to this problem, as the canonical Poisson
bracket cannot be used to represent the then non-associative phase space.
14Demanding that the equations of motions take the same form is not enough. Otherwise, for example,
the principal chiral model and the WZW model would be the same, as both equations of motion, as well as
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4.2.1 (Generalised) T-duality
In a Hamiltonian formulation there is no notion of duality, only the more general no-
tion of canonical transformations. Let us give some criteria from point of view of the
generalised flux frame.
On canonical transformations and dualities
• A generalised flux FABC and a generalised metric H do not yet define a string σ-
model Lagrangian. We need to specify a corresponding generalised vielbein EA
I or
in other words Darboux coordinates of our deformed current algebra.
This choice of generalised vielbein might not be unique. Different generalised
vielbeins for a given generalised flux background correspond to dual σ-models La-
grangians.
• The framework, that we choose to study dualities, are models with constant gener-
alised fluxes FABC. In slight contrast to earlier in this section we define a generic
string model in the generalised flux frame by a Hamiltonian defined by a constant
generalised metric H(G0, B0).15
The duality group is realised linearly. I.e. a group element MA′
B leads to a dual
model defined by
HA′B′(G′0, B′0) = MA′CMB′DHCD(G0, B0), F′A′B′C′ = MA′D MB′EMC′ FFDEF (4.25)
Given that we find generalised vielbeins, EA
I resp. E′A′
I(x) to the original gener-
alised fluxes FABC resp. the dual ones F
′
A′B′C′ , this defines two σ-model Lagrangians
with equivalent Hamiltonian dynamics.
• The MA′B are O(d, d)-matrices, in order to keep the current algebra (4.5) form-
invariant16. We take them to be constant such that the dual generalised metric
and fluxes stay constant.
• Canonical transformations are normally characterised by generating functions.
Our approach instead motivates directly that
M′I
J
(x) = E′I
A′
(x)MA′
BEB
J(x) (4.26)
corresponds a canonical transformation, i.e. leaves the canonical Poisson brackets
of the EI (3.4) invariant. In the next section we will motivate the existence of gen-
erating functions which would generate exactly to the linearly realised factorised
Bianchi identities can be arranged to be
dj +
1
2
j ∧ j = 0, d ⋆ j = 0 (4.24)
The difference lies in the meaning of j, which in the language of the Hamiltonian formalism corresponds
to different Poisson brackets of the component j, see e.g. [56] for details. So only if the equations of motion
are the same and the transformation leaves the (canonical) Poisson structure invariant, thus is a canonical
one, we can say that the two models are dual to each other.
15If we do not relax the condition H = 1 on the generalised flux frame, the component connected to the
identity of O(d, d) will generically lead out of this condition: MHMT 6= 1.
16We ignore the non O(d, d)-invariant ω-term in (3.4) for our considerations in this section.
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dualities and construct closely related charges on the phase space that generate
the component connected to the identity of O(d, d).
• From the Hamiltonian point of view a (constant) basis change of the EA does not
seem to make any difference on the first sight. The point is that we keep the role
of the (e0,a, ea1) resp. (pi, ∂x
i) fixed. So e.g. the f- and H-flux always describe the
e0-e0 Poisson bracket and so on. Rotating the generalised fluxes around and finding
new generalised vielbeins which may depend on the same coordinates x is, what
we define to be a duality here.17
We could have taken the other perspective of rotating our choices of Darboux coor-
dinates, i.e. what of the EI correspond to pi or ∂x
i. In the language of double field
theory these would be different solutions to the strong constraint. Both perspec-
tives are of course equivalent.
• These duality transformations resp. canonical transformations should not be real-
isable by purely local field redefinitions in the σ-model Lagrangian, otherwise we
would call them symmetries.
For the remainder of this section we will discuss standard (abelian) T-duality and Poisson-
Lie T-duality from this point of view. Also we propose a generalisation, which we call
Roytenberg duality, for the case of frames with generic constant generalised fluxes.
Abelian T-duality The framework for the study of abelian T-duality is a background
with commuting isometries. Let us choose coordinates, such that the isometries are
manifest and ignore the spectator coordinates that do not correspond to isometries.
Such a model is defined by the Hamiltonian
H =
1
2
∫
dσ HI J(G0, B0)EI(σ)EJ(σ) (4.27)
with constant G0, B0 and – neglecting the total derivative term from (3.4) –
{EI(σ1), EJ(σ2)} [σ] = ηI J ∂(δ(σ− σ1)δ(σ− σ2)). (4.28)
Abelian T-duality acts via O(d, d)-matrices M as MI
JEJ, leaving the current algebra in-
variant, but generating new Hamiltonians. Thus the space of dual models is given by the
coset
O(d,d)
O(d)×O(d) . This can be seen by going to the model with H = 1, where O(d)×O(d)-
matrices leave the Hamiltonian as well as the canonical current algebra invariant.
Poisson-Lie T-duality The case of Poisson-Lie T-duality [68, 88, 89], and included in
there also non-abelian T-duality [90–92], is the one with
H = R = 0, fcab = f
c
ab, Qc
ab = f c
ab
. (4.29)
The Bianchi identities of generalised fluxes (2.8) reduce to Jacobi identities of the f -
and f -structure constants and a mixed Jacobi identity. The algebraic setting is that
17It is here where the pure R-flux background fails to exist purely geometrically, as we do not find such
generalised vielbein only depending on the x
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the generalised fluxes FC AB correspond to structure constant of a Lie bialgebra d. A
Lie bialgebra is a 2d-dimensional Lie algebra, with a non-degenerate symmetric bilinear
form 〈 , 〉 on d given by the O(d, d)-metric η and two (maximally) isotropic18 subalgebras
g and g⋆, of which f resp. f are the structure constants. Together with the Hamiltonian
corresponding to an arbitrary constant generalised metric H(G0, B0) this model is also
known under the name E-model in the literature19.
It is well-known how the corresponding generalised vielbein looks like: It is of the
type E = E(β)E(e) as discussed in section 2.1. The d-dimensional vielbein e is given by the
components of the Maurer-Cartan forms to the Lie group G associated to the structure
constants f cab, ei
a = (g−1∂ig)a where g are G-valued fields. β is the homogeneous Poisson
bivector Π on G defined by the dual structure constants f c
ab
, fulfilling
Π(e) = 0, ∂cΠ
ab(g) = f c
ab
+ f [acdΠ
b]d. (4.30)
This bivector Π is uniquely determined by such a Lie bialgebra structure. The corre-
sponding σ-model has the form
S ∼
∫
d2σ
(
1
1
G0+B0
−Π(g)
)
ab
(g−1∂+g)a(g−1∂−g)b. (4.31)
Poisson-Lie T-duality acts linearly on the deformed current algebra associated to (4.29).
This was discovered already in [69] and discussed in present form already in [65, 68,
70]. The total factorised duality simply corresponds to f ↔ Q, respectively g ↔ g⋆.
The full duality group, which maintains the structure of the generalised fluxes (4.29)
of the E-model is discussed in detail in [76]. It is the group of different Manin triple
decompositions of the Lie bialgebra d.
At the Lagrangian level, the duality can be realised by considering a ’doubled’ σ-
model with target being the Drinfel’d double D , and then integrating out d.o.f.s corre-
sponding to different (isotropic) subalgebras g⋆ of the Lie bialgebra d [68,93,94]. Other
approaches to Poisson-Lie T-duality via double field theory and generalised geometry
include [95–98].
Roytenberg duality Let us consider the generic case: arbitrary constant generalised
fluxes and a Hamiltonian corresponding to an arbitrary constant generalised metric
H(G0, B0). Let us call this case Roytenberg model, as a configuration with a generic
generic fluxes with non-vanishing H, f, Q and R was first considered in [75]. It is not
clear, in contrast to the Poisson-Lie σ-model, how to find a generalised vielbein for a
generic choice of constant generalised fluxes. In section (2.1) we introduced two choices
of generalised vielbeins which generically turn on all of the four generalised fluxes. We
consider choices of generalised vielbein which build upon these two and the one of the
Poisson-Lie σ-model:
• E1 = E(B)b E
(β)
β0
E
(β)
Π
E(e)
• E2 = E(β)β0 E
(B)
b0
E
(β)
Π
E(e)
18meaning 〈g, g〉 = 0.
19named after the operator EAB = HACηCB fulfilling E2 = 1
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as before (and want to have constant generalised fluxes). We take b and β0 to be constant,
e the vielbein of a Lie group G (corresponding to Lie algebra structure constants f cab)
and Π(g) to be again a homogeneous Poisson bivector on G, associated to dual structure
constants f c
ab
. This choice of β = β0 + Π(g) in E1 ensures that the resulting Q- and
R-flux are constant as wished. The choice of β = β0 + Π(g) arose as well, if we go to
the complete generalised flux frame of the Poisson-Lie σ-model, i.e. H = 1, see [76]. A
generalised version of Poisson-Lie T-duality, called affine Poisson-Lie T-duality, taking
into account exactly such constant β0’s and mapping between different dual choices of β0
and Π(g) for B = 0 was considered in [99]. In the language of the Poisson-Lie T-duality
group studied in [76] these were ’non-abelian β-shifts’. Let us give the corresponding
fluxes and σ-model Lagrangians for E1,
Habc = b[adbbe f c]
de − bd[a f dbc] − b[adbbeβ f [d0 f e]c] f + badbbebc f Rde f
fcab = f
c
ab − bd[a f b]
dc
+ be[aβ
d[e
0 f
c]
b]d + badbbeR
cde
Qc
ab = f c
ab − βd[a0 f b]cd + bcdRabd (4.32)
Rabc = β
[ad
0 β
be
0 f
c]
de − βd[a0 f d
bc]
S1 ∼
∫
d2σ
(
1
1
G0+B0
− β0 −Π(g)
− b
)
ab
(g−1∂+g)a(g−1∂−g)b,
and for E2,
Habc = b[adbbe f c]
de − bd[a f dbc]
fcab = f
c
ab − bd[a f b]
cd
+ βcd0 Habd
Qc
ab = f c
ab − βd[a0 f b]cd + βe[a0 bd[e f c]
b]d
+ βad0 β
be
0 H
cde (4.33)
Rabc = β
[ad
0 β
be
0 f
c]
de − βd[a0 f d
bc] − β[ad0 βeb0 b f [d f e]
d f
+ βad0 β
be
0 β
d f
0 Hde f
S2 ∼
∫
d2σ

( 1
1
G0+B0
−Π(g) − b
)−1
− β0


−1
ab
(g−1∂+g)a(g−1∂−g)b
So by construction the identifications
b ↔ β0 and f ↔ f (4.34)
correspond to the map between the fluxes
H ↔ R and f ↔ Q. (4.35)
This would be what we call the (factorised) Roytenberg duality in the terminology of
(4.25). At the Lagrangian level, the two σ-models S1 and S2 are (classically) dual to each
other with the identifications
G
(1)
0 + B
(1)
0 =
1
G
(2)
0 + B
(2)
0
, β
(1)
0 = b
(1), β
(2)
0 = b
(1)
f (1) = f
(2)
and f (2) = f
(1)
,
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where the superscript (i) denotes the quantities in Si and we raised and lowered the
indices appropriately.
Using the two generalised vielbeins E1 and E2 to describe these backgrounds, the
Roytenberg duality simply seems to be an extension of the Poisson-Lie T-duality group.
But these vielbeins are probably not the most general description of constant generalised
fluxes, so the above example might give just a vague idea, of what a Roytenberg duality
is in general and what kind of σ-model Lagrangians are connected by it.
The Roytenberg duality group is the full
O(d,d)
O(d)×O(d) rotating the generalised fluxes and
is an interesting object of further study. A Lagrangian derivation of this duality might or
might not exist. But still the Hamiltonian theory is well-defined as long as the constant
generalised fluxes fulfil the Bianchi identities (2.8).
Let us close this section with the following remark. There seems to be no difference
between abelian and generalised T-dualities from the Hamiltonian point of view. We
could have viewed the standard T-duality chain of section 2.1 in same fashion20 – again
the true problem continues to be whether we can find appropriate vielbeins to the new
fluxes.
4.2.2 Realisation in the Poisson algebra
In this section we want to construct the charges that generate infinitesimal O(d, d)-
transformation in different generalised flux frames. These will show the need for isome-
tries and are closely related to generating functions of the factorised dualities, not only
for abelian T-duality but also the generalised version discussed above.
Infinitesimal o(d, d)-transformations via charges Let us define the non-local charges21
Q[I J] =
1
2
∮
dσ
∫ σ
dσ′ EI(σ′)EJ(σ) (4.37)
which generate o(d, d)-transformations on the EK(σ):{
Q[I J], EK(σ)
}
= ηK[I EJ](σ) (4.38)
From this and only with help of the Jacobi identity for the EI(σ)-current algebra it is
easy to show that these charges fulfil the O(d, d) Lorentz algebra{
Q[I J],QKL
}
= ηIKQJL + permutations. (4.39)
A general infinitesimal O(d, d)-transformation
MI J = 1 + mI J , m ∈ o(d, d), (4.40)
20The only difference is that it includes one non-isometric spectator coordinate.
21We use
∫ σ
as a formal expression denoting the antiderivative. More precisely we the following proce-
dure {
QI J , F(σ)
}
=
1
4
lim
σ0→σ
(∮
dσ′
∫ σ′
σ0
dσ′′
{
EI(σ
′′)EJ(σ′), F(σ)
})
(4.36)
where it is only important that σ0 6= σ. We will come across similar ambiguities later as well, where we will
define doubled coordinates X I = (xi, x˜i) as fundamental fields in the phase space, with E
I = ∂X I(σ).
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on the phase space is generated by mI JQ[I J]. We have not yet made any assumptions
on the background, we worked with the canonical Poisson brackets, resp. in the the
generalised metric frame.
The action of these charges on functions of the original world-sheet phase space
(functions of xi(σ) and pi(σ)) is non-local in general. In particular the action of the
β-transformations acts non-locally on functions on the original manifold
{
Qij, f (x(σ))
}
= −x˜[i∂j] f (x(σ)), with x˜i(σ) =
∫ σ
dσ′pi. (4.41)
So far x˜(σ) here is a non-local variable on the phase space. With the definitions ∂I =
(∂i, ∂˜
i) and X I(σ) =
(
xi(σ), x˜i(σ)
)
we have for functions in terms of this non-local variable
x˜ {
QI J , f
(
X(σ)
)}
= −X[I(σ)∂J] f
(
X(σ)
)
(4.42)
in an O(d, d)-covariant way. If we instead considered (multi-)local function(al)s on the
current phase space, spanned by the EI(σ), everything stays (multi-)local
{
QI J , f
(
EK(σ)
)}
= −E[I(σ)
∂
∂EJ]
f (σ). (4.43)
These charges are (in general) not conserved - they do not commute with the Hamil-
tonian. Instead they generate infinitesimal O(d, d)-transformations of the generalised
metric as wished, if the generalised metric is constant (again neglecting spectator coor-
dinates). So the charges QI J generate abelian T-dualities.
’Non-abelian’ o(d, d)-transformations QI J is a tensor under constant O(d, d)-trans-
formations, but not under local ones (due to the integral). So instead we claim that we
have natural charges QAB w.r.t. to some generalised vielbein EA
I(σ) by the relation{
Q[AB], EC(σ)
}
= ηC[AEB](σ). (4.44)
Such a QAB exists
22. An implicit realisation for infinitesimal fluxes would be
Q
σ0
[AB]
=
1
2
∮
dσ
∫ σ
σ0
dσ′ E[A(σ′)EB](σ) + Q¯
σ0
AB
with δQ¯AB =
∮
dσ
(
δEC(σ)
)
MC
D(σ)
∫ σ
σ0
dσ′(M−1)D
E
(σ′) ΩE[A(σ′)EB](σ′),
where M(σ) = exp
(
− ∫ σσ0 dσ′Ω(σ′)
)
and ΩAB = F
C
ABEC. Finding an integrated form of
this expression for a generic background seems highly non-trivial. Nevertheless, assum-
ing that the Poisson brackets of the EA(σ) fulfil the Jacobi identity, the Lorentz algebra
follows directly from (4.44).
What this means is, that for every choice of generalised vielbein EA(σ)modulo global
O(d, d) transformation, there is a representation of O(d, d) acting on the phase space.
These are simply the linearly realised (infinitesimal) O(d, d) transformations in the
generalised flux frame EA(σ) of the previous section. The action of constant but in-
finitesimal O(d, d)-matrix MAB = 1 + mAB, the corresponding O(d, d) transformation is
22The defining relation (4.44) is an ODE in σ
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generated by mABQAB as in the abelian case and similarly the β-shifts act non-locally (in
momentum) on any function f (x). Again these charges are not conserved but generate
O(d, d)-transformations on a constant generalised metric defining the Hamiltonian.23
Generating function of factorised dualities Factorised dualities are canonical trans-
formations generated by generating functions of type F[q, Q] [69, 100]. For this type of
generating function we have
δF
δq
= p and
δF
δQ
= −P. (4.45)
The generating function for abelian T-duality is [100]
F [x, x˜] = −1
2
∮
dσ (x˜∂x− x∂x˜) , (4.46)
leading as wished to the identifications
p = ∂x˜ and p˜ = ∂x. (4.47)
Using the notation of the previous paragraphs this generating function can be written
as
FQI J [x, x˜] = −η I JQI J (4.48)
We include the subscript QI J , as we cannot treat the indices of QI J as tensor indices.
The generating function for generalised T-dualities discussed in the previous subsec-
tion are in general very difficult to construct explicitly, see e.g. the construction of the
generating function of Poisson-Lie T-duality in [69]. With help of the charges QAB, for
which we do not know the explicit form but know there algebraic properties on the phase
space (4.44), we can easily propose a generating function for any
FQAB [x, x˜] = −ηABQAB, (4.49)
which generates factorised dualities in any generalised flux frame EA.
The generating function and even the associated canonical transformations seem to
exist for any background and for any generalised flux frame, independent of whether
the background possesses (generalised) isometries or not. The problem of the canonical
transformations in non-isometric backgrounds (such that generalised metric or gener-
alised fluxes are functions of x therein) again is, that the dual fields become functions of
x˜ non-local functions of the canonical momenta.
4.3 Strings in double field theory backgrounds
In the previous section we saw that the action of T-duality is not well-defined without
assuming some isometry. The obstruction was that the dual backgrounds would become
functions of new dual coordinates x˜i(σ). These, being antiderivatives of the canonical
momentum densities pi(σ), are not uniquely defined.
23We assumed that the algebra of the EA(σ) fulfils the Jacobi identity. There might be problems if the
background is magnetically charged or, as we will see later, violates the strong constraint.
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A natural approach to this problem is to define XI = (x˜i, x
i) to be the fundamen-
tal fields of the phase space. In particular then the generators of infinitesimal o(d, d)-
transformations QI J are then simply generators of rotations
Q[I J] =
1
4
∮
dσX[I(σ)EJ](σ). (4.50)
This is the approach to double field theory.
Remarkably it seems, from the point of view of the Hamiltonian formalism, we would
not need to ’double’ phase space but instead allow a dependence of the background on
the momenta in this very peculiar non-local way, namely via x˜i =
∫ σ
dσ′pi(σ).
Poisson brackets on doubled space and the strong constraint The question is
what the Poisson structure on the doubled space is, and in particular if it is a Poisson
structure, i.e. if the proposed brackets fulfils the Jacobi identity. First, we look for
a skewsymmetric Poisson bracket {XI(σ), XJ(σ′)} by integrating the canonical current
algebra (3.4). The solution is{
XI(σ), XJ(σ
′)
}
= −ηI J Θ¯(σ− σ′) (+ c ωI J) (4.51)
with Θ¯(σ) = 1/2 sign(σ), s.t. ∂σΘ¯(σ) = δ(σ) and an integration constant c. As a bracket
of functionals,
{Ψ1, Ψ2} =
∮
dσ1dσ2Θ¯(σ1 − σ2)η I J δΨ1
X I(σ1)
δΨ2
X I(σ2)
, (4.52)
it will always vanish if we assume the strong constraint (or section condition) of double
field theory
ηKL∂K f (X)∂Lg(Y) = 0, for all X = (x, x˜) and Y = (y, y˜) and all f , g. (4.53)
The bracket (4.51) without the ω-term has been discussed already in [45,46] from point
of view of first order σ-models and the generalised metric formulation. The occurence of
the constant ω-term reminds of the zero mode non-commutativity observed in [101].
It is easy to show that the above bracket satisfies the Jacobi identity on the space of
functionals (with or without the ω-term). But let us note that the bracket (4.51) is not
equivalent to the canonical current algebra, when we are not neglecting
∮
dσ ∂(...) 6=
0 terms. For example trying to derive (3.4) from (4.51) leads to ambiguities because
∂σ∂σ′ {XI(σ), XJ(σ′)} and ∂σ′∂σ {XI(σ), XJ(σ′)} differ exactly by such a topological/total
derivative term.
Accepting this we will use the fundamental brackets{
XI(σ), XJ(σ
′)
}
= −ηI J Θ¯(σ− σ′),
{
XI(σ), EJ(σ
′)
}
= ηI J δ(σ− σ′) (4.54)
supplemented by the canonical current algebra (3.4) for our calculations of the brackets
of functionals F[X, E], which do not contain σ-derivatives of X or E. In section 3 it was
shown that the Jacobi identity for sections of the ’canonical Lie algebroid’ holds exactly
when using the canonical current algebra (and also assuming the strong constraint).
Allowing for violations of the strong constraint leads to a fundamental violation of the
Jacobi identity. As an example let us compute the Jacobi identity between a functional
Ψ[X] and two sections of the canonical Lie algebroid φi[X, E] =
∮
dσφIi [X](σ)EI(σ), where
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Ψ and the φIi (σ) are assumed to be functional of X(σ) only, not of its σ-derivatives. Using
(4.54) we arrive at
{Ψ, {φ1, φ2}}+ c.p. =
∮
dσ1dσ2
[
1
2
(ηJK + ωJK)φ
J
[1
(σ1)
δΨ
δX I(σ2)
δφK2](σ1)
δXI(σ2)
(4.55)
+ EI(σ1)EJ(σ2)
({
Ψ,
{
φI1(σ1), , φ
J
2(σ2)
}}
+ c.p.
)
+ EI(σ1)
(
δφI
[1
(σ1)
δXJ (σ2)
{
Ψ,φ
J
2]
(σ2)
}
− δΨ
δXJ (σi)
{
φI[1(σ1),φ
J
2]
(σ2)
}
−φJ
[1
(σ2)
{
Ψ,
δφI
2]
(σ1)
δXJ (σ2)
}
+ 12 (ηJK+ωJK) φ
J
[1
(σ2)
{
Ψ,
δφK
2]
(σ2)
δXI (σ1)
}
− 12 (ηJK−ωJK)
δφ
J
[1
(σ2)
δXI (σ1)
{
Ψ,φK2](σ2)
})]
.
We recognise the Jacobi identity of the (here unspecified) X-X Poisson bracket in the
second line of (4.55), which we assume to vanish. Apart from that we see other strong
constraint violating term contributing generically to a violation of the Jacobi identity. It
might seem that taking different choices of the topological term in the canonical current
algebra or a different choice X-E-Poisson bracket than (4.54) could make these contribu-
tions disappear. But in section 5 we will show that this is not the case and fundamental
violation (in particular the first term) leads exactly to typical non-vanishing Jacobiators
of the zero modes in generalised flux backgrounds. For this we only need the canonical
Poisson brackets from which we also derived the current algebra including the topologi-
cal term.
The generalised flux frame and the Virasoro algebra Let us now briefly mention
differences, which would occur in the approach taken in section 4.1, if we allow the
generalised vielbeins itself violate the strong constraint (which is in fact not the case in
the typical examples of non-geometric backgrounds – see e.g. the R-flux backgrounds).
Going to a generalised flux frame EA
I(X), allowing for a generic dependence on the
doubled space, we get the Poisson current algebra
{
EA(σ), EB(σ
′)
}
=
{
EA
I
(
X(σ)
)
EI(σ), EB
J
(
X(σ′)
)
EJ(σ
′)
}
(4.56)
= ηAB∂σδ(σ− σ′)− FC AB(σ)EC(σ)δ(σ− σ′)−GABCD(σ, σ′)EC(σ)ED(σ′)Θ¯(σ− σ′)
The last term is bilocal and vanishes if the generalised satisfies the strong constraint. It
is given in terms of the Weitzenbo¨ck connection (2.5)
GAB
CD(σ, σ′) = ηKL
(
∂KEA
I(σ)
) (
∂LEB
J(σ′)
)
EI
C(σ)EJ
D(σ′) = ηKLΩK,AC(σ)ΩL,BD(σ′).
If F and G are given in terms of generalised vielbeins, then (4.56) is a Poisson bracket
because (4.51) is. The equation of motion of the string in a DFT background would be
also modified by the non-local and strong constraint violating G-terms.
Also, and more crucially, this term would be responsible for a modification of the
Virasoro algebra. Following the derivation of the Virasoro algebra in the generalised
flux frame in 4.1, this can be easily seen as the G-term is not totally antisymmetric.
This connection of strong constraint and the algebra of worldsheet diffeomorphisms was
already noted from the generalised metric point of view in [45]. Nevertheless, this only
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occurs if the generalised vielbein or generalised metric theirselves depend on coordinates
and their dual at the same time.
As in section 4, we calculate the Bianchi identity of the objects F and G by imposing
the Jacobi identity on (4.56)
∂[AFBCD] −
3
4
FE[ABFCD]E = strong constraint violating terms. (4.57)
Thus one way to account for a violation of the Bianchi identities of generalised fluxes
(4.10), e.g. in order to describe magnetically charged backgrounds, is to consider viola-
tions of the strong constraint, but only if we trade off (manifest) locality of the equations
of motion for it and a modification of the Virasoro algebra for it.
5 Non-geometry and the deformed current algebra
In this section we want to demonstrate the approach taken in the last section and clarify
it by studying examples. We do so by reproducing standard results for constant a B-field
in case of the open string, and constant H-, f-, Q- or R-flux for the closed string. The key
points are
• Leaving magnetic or locally non-geometric backgrounds aside, there should be
’Darboux coordinates’ (xi(σ), pi(σ)) fulfilling the canonical Poisson brackets. The
question is where the well-known non-geometric nature of the backgrounds is ’hid-
den’, meaning their non-commutative and non-associative behaviour.
In section 4 we saw that beside Darboux coordinates xi(σ), pi(σ), the generalised
flux frame of a given background gives rise to a second preferred set of coordinates
for the current algebra EA(σ). We define ’non-geometric coordinates’ y
a and ’non-
geometric momenta’ pia by ∂y
a = Ea(σ) and pia(σ) = Ea(σ). In the spirit of section
1.1 we dub them ’kinematic’. Their Poisson brackets agree with the known ones
usually associated to non-geometric backgrounds.
With this we can generalise the non-geometric interpretation to more complicated
generalised flux backgrounds. Also, we do not need to know the mode expansions
of the fields ya(σ) (or impose the equations of motion) to study the non-geometric
behaviour of the background.
• In the spirit of generalised geometry and double field theory, we demonstrate in
the language of the current algebra, how T-dualities can be reproduced by choosing
different solutions to the strong constraint.
• The significance of the non O(d, d)-invariant boundary term in (3.4) or (4.5) lies
– reproducing non-commutativity for the endpoints of open strings.
– ensuring associativity for closed strings, unless we calculate the brackets of
objects violating the strong constraint. In that case, the zero modes of the
current algebra (and its integrated form) show that this approach reproduces
the known form of non-vanishing Jacobiators in the constant Q- and R-flux
backgrounds.
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5.1 Open string non-commutativity
In this section we review the classic result of [102,103] and are interested in the world-
sheet dynamics of an open string in a constant B-field background. It can be expressed
the open string variables resp. the non-geometric frame with flat metric and β
βij =
(
1
G +F
)ik
Fkl
(
1
G−F
)lj
, F = B− dA = B− F, (5.1)
where G is the flat Minkowski metric and F is the constant field strength of a Maxwell
field. The current algebra in the generalised flux basis (the non-geometric frame) in
which we have the ’free’ Hamiltonian is{
e0,i(σ1), e0,j(σ2)
}
= 0{
e0,i(σ1), e
j
1(σ2)
}
= −δji ∂2δ(σ1 − σ2) (5.2){
ei1(σ1), e
j
1(σ2)
}
= −βij
∫
dσ ∂ (δ(σ− σ1)δ(σ− σ2)) .
Now we associate new ’non-geometric coordinates’ to this new basis: meaning ea1 =
∂ya(σ). Simply integrating both sides of the last line of (5.2) gives the result:
{
yi(σ1), y
j(σ2)
}
=


−βij, σ1 = σ2 = 1
+βij, σ1 = σ2 = 0
0 else.
(5.3)
This is exactly the result of [102], derived without any reference to a mode expansion.
Let us note that the total derivative ω-term in the last line of (5.2) was crucial for this
result.
5.2 Closed string non-commutativity and non-associativity
Next let us demonstrate the logic explicitly for the well-known standard example of the
T-duality chain of the 3-torus with constant H-flux.
First let us consider the Q-flux background Q3
12 = h, all other components being
zero, which is described by the generalised vielbein
E(Q) =
(
1 0
β 1
)
, β12 = hx3. (5.4)
The corresponding current algebra including boundary terms is
{e0,a(σ1), e0,b(σ2)} = 0{
e0,a(σ1), e
b
1(σ2)
}
= −δba∂2δ(σ1 − σ2)−Qabce0,c(σ1)δ(σ1 − σ2) (5.5){
ea1(σ1), e
b
1(σ2)
}
= −Qcabec1(σ1)δ(σ1 − σ2)−
∫
dσ ∂
(
βab(σ)δ(σ− σ1)δ(σ− σ2)
)
.
Let us consider the zero modes of the ’kinematic coordinates’ associated to this gener-
alised flux frame
pa =
∮
dσ pa(σ) =
∮
dσ e0,a(σ) y˜a =
∮
dσ′
∫ σ′
dσ pa(σ)
wa =
∮
dσ ∂ya(σ) =
∮
dσ ea1(σ) y
a =
∮
dσ′
∫ σ′
dσ ∂ya(σ).
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These modes have a priori nothing to do with the original target space interpretation.
This seems particular confusing in case of the winding number. But cases like this exist
in the literature, there it is sometimes called ’twisted boundary conditions’, see e.g. in
the context of β-deformations of AdS5 × S5 [104]. In the present case we have
∂ya(σ) ≡ ea1(σ) = δai ∂xi(σ) + βabδjb pj(σ) (5.6)
and
w3 = w3x and w
1/2 = w1/2x ± h
∮
dσx3p2/1. (5.7)
The winding along the y3 direction coincides with the actual one along the x3 direction
as also y3 coincides with x3 up to a constant. Now we can integrate the current algebra
(5.5). We use a schematic mode expansion of the kinematic coordinates
ya(σ) = ya +
(
wa − 1
2
ya
)
σ + yaosc(σ) (5.8)
with yaosc(σ) = y
a
osc(σ + 1) denoting oscillator terms, of which we will not keep track
explicitly as we are interested in the zero modes. Alternatively we could approach the
this calculation by interserting the most general modes expansions or x(σ) and p(σ),
that are compatible with the boundary condition, and calculating the contributions of
all the modes directly by using the field redefinition (5.6). This calculation also shows
that all the oscillators of the y-expansion would still commute with the zero modes, such
that they do not give a contribution to the Jacobi identity of the zero modes.
Integrating (5.5) the non-vanishing Poisson brackets of the zero modes are{
y1, y2
}
∼ −hw3 + osc.,
{
w1, w2
}
= −hw3{
y˜3, y
1
}
∼ −hp2 + osc.,
{
y˜3, y
2
} ∼ hp1 + osc.{
p3, w
1
}
= −hp2,
{
p3, w
2
}
= hp1 (5.9)
{ya, pb} = δab + osc.,
{
y˜a, w
b
}
= δba + osc.{
y1, w2
}
=
{
y2, w1
}
= −h
(
y3 +
1
2
w3 + osc.
)
,
reproducing the known non-commutative interpretation of the pure Q-flux background.
The underlined terms only stem from the boundary term and ∼ denotes some neglected
constant factors, including integration constants. Also let us emphasise again that our
assumptions do not imply anything about a mode expansion apart from (5.8) resp. the
boundary conditions. So we can discuss the non-geometric structure without solving the
theory first.
Non-associativity There are non-trivial Jacobi identities of the zero mode Poisson
brackets: {
y˜3,
{
w1, w2
}}
+ c.p. ∼
{
y˜3,
{
y1, y2
}}
+ c.p. ∼ h = Q312 (5.10){
w1,
{
y2, p3
}}
+
{
p3,
{
w1, y2
}}
+
{
y2,
{
p3, w
1
}}
∼ 0,
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neglecting oscillator terms. The zero mode part of the second line vanishes due to the
boundary term contribution (the underlined term in (5.9)). The first line is a non-
associativity coming from a potential violation of the strong constraint. In fact it is
exactly the expected contribution from the discussion in section 4.3. Specifying the gen-
eral expression (4.55) of the violation of the Jacobi identity due to strong constraint
violations to XI(σ) and EA(σ) gives
{XI(σ1), {EA(σ2), EB(σ3)}}+ c.p. = 1
2
(ηMN + ωMN) E[A
M(σ1)∂I EB]
N(σ1)δ(σ3− σ1)δ(σ2− σ1).
As a cross check we obtain the same form of Q-flux non-associativity in the first line
of (4.55) by inserting the generalised vielbein to the Q-flux background and integrating
accordingly as before. All the other terms in (4.55) vanish in this simple example.
The other T-duality chain backgrounds The non-associativity will not be relevant
if we only ’probe’ the phase space with functions f (ya; EA) resp. f (x
a; EI). As y˜3 is not an
argument of these functions the Q-flux background given by the current algebra (5.5) is
associative and thus locally geometric. But there are other different choices of solutions
of the strong constraints24 which correspond to the T-dual backgrounds of the T-duality
chain (see section 2.1):
f (y1, y2, y3; ...) locally geometric Q-flux background,
f (y˜1, y
2, y3; ...) or f (y1, y˜2, y
3; ...) locally geometric f-flux backgrounds,
f (y˜1, y˜2, y
3; ...) locally geometric H-flux background.
In addition there are of course also the continuous O(2, 2)-transformations on the y1, y2.
The solutions of the strong constraint containing y˜3 give non-associative phase spaces,
corresponding to the locally non-geometric backgrounds:
f (y1, y2, y˜3; ...) locally non-geometric R-flux background,
f (y˜1, y
2, y˜3; ...) or f (y
1, y˜2, y˜3; ...) locally non-geometric Q-flux backgrounds,
f (y˜1, y˜2, y˜3; ...) locally non-geometric f-flux background.
These are all locally non-geometric as the generalised vielbein depends via β on x3 = y3,
which is the origin of the non-associativity.
Overall we reproduce the well-known zero mode brackets and non-vanishing Jaco-
biators [13, 28–35] of the considered (non-geometric) backgrounds without imposing a
mode expansion or the equations of motion.
6 Discussion
6.1 Summary
The central result of this paper was introduced in section 4.1. The world-sheet theory
in a generic NSNS background, including non-geometric ones, can be defined in the
24We phrase them in the phase space variables of the Q-flux background. To get the standard picture,
e.g. of the H-flux we make the identifications y1 ↔ y˜1 and y2 ↔ y˜2.
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following way. In terms of some phase space variables EA(σ) there is a Hamiltonian in a
background independent form H ∼ ∫ dσ δABEA(σ)EB(σ), and similarly for the Virasoro
constraints. Instead the information about the background is encoded in the Poisson
structure. This is most conveniently formulated in terms of the current algebra (the
algebra of the EA(σ))
{EA(σ1), EB(σ2)} = ΠηAB(σ1, σ2) + Πbdy.AB (σ1, σ2) + ΠfluxAB (σ1, σ2) (6.1)
Πη is the O(d, d)-invariant part of the canonical current algebra (3.4), whereas
Π
flux
AB (σ1, σ2) = −FABC(σ1)EC(σ1)δ(σ2 − σ1)
is characterised solely by the generalised flux FABC, building on known results in the lit-
erature [36–38]. This formulation seems to be the world-sheet version of the generalised
flux formulation of generalised geometry resp. double field theory [16,27].
In case of an electric and locally geometric background, meaning the Bianchi identity
(2.7) is fulfilled, there is a connection to Darboux coordinates (xi, pi) on the phase space
resp. a Lagrangian formulation. This connection is given by a choice of generalised
vielbein EA
I(c), s.t. EA(σ) = EA
I(x(σ))(pi(σ), ∂x
i(sσ)) and FABC = (∂[AEB
I)EC]I .
In the cases of a magnetically charged NSNS background (like an NS5-brane) or a
locally non-geometric background the Hamiltonian world-sheet theory as define above
is still defined. But there are some obstructions in either case. In former the Bianchi
identity of generalised fluxes is sourced. Resultantly the associated current algebra
violates the Jacobi identity and thus there cannot be Darboux coordinates on the phase
space associated to the sourcing world-volume. In the non-geometric case, see section
4.3 and 5 for more details, there will be a violation of the Jacobi identity if we consider
certain functions of the ’doubled’ string phase space. E.g. for the Jacobi identity of a
functional Ψ and two sections φi =
∮
dσφIi (σ)EI(σ) we obtained
{Ψ, {φ1, φ2}}+ c.p. =
∮
dσ1dσ2
1
2
(ηJK + ωJK)φ
J
[1
(σ1)
δΨ
δX I(σ2)
δφK
2](σ1)
δXI(σ2)
+ others. (6.2)
In case the generalised vielbein itself depends an original coordinate and its dual at
the same time a additional term in (6.1) appears that potentially leads to a non-local
contribution to the equations of motion and a modication of the Virasoro algebra.
One difference to previous discussions in the literature is the consideration of the
total derivative term,
Π
bdy.
AB (σ1, σ2) =
∫
dσ∂ (ωAB(σ)δ(σ− σ1)δ(σ− σ2)) .
This occurs in this form as a non O(d, d)-invariant boundary contribution from the
canonical current algebra (3.4). Terms like this in the current algebra itself or its Ja-
cobi identity make the difference between a Lie or a Courant algebroid structure of the
phase space (T ⊕ T⋆)LM. This was discussed in detail in section 3. For open strings
they lead to the known constraint of H
∣∣
D-brane
= 0 [36] and the non-commutativity at the
ends of the open string [102]. For closed strings a winding contribution from this term
is necessary such that the standard Q-flux background is an associative background.
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We discussed two applications of this formulation of the world-sheet theory. The
first one is the observation that (generalised) T-dualities act linearly on the variables in
the generalised flux frame. This lead to the proposal of a generalisation of Poisson-Lie
T-duality to Roytenberg duality, applicable to models with constant generalised fluxes.
This was shown using a certain parameterisation of the constant generalised flux based
on the ones of Poisson-Lie σ-models in section 4.2.
The second application is a direct derivation of the well-known non-commutative
and non-associative behaviour of some generalised flux backgrounds from the deformed
current algebra in section 5. This interpretation does not rely on a mode expansion
or even on imposing the equations of motion, it is purely kinematic. Also it extends
straightforwardly to any generalised flux background.
6.2 Potential applications and open problems
Part of the original motivation was the study of integrable deformation, as these can be
conveniently represented as deformations of the current algebra – see section 1.2. The
discussion in this paper connecting the possible deformations of the current algebra for
string σ-models to generalised fluxes, hints at a connection of generalised geometry to
the Hamilton formulation of integrable σ-models. From a purely technical side there
is also a argument to maybe expect a connection to integrability. The currents ea, used
here to write down the equations of motion (4.9), are the ones which are used to calculate
the Lax pair in all the examples – principal chiral model, η-deformation, λ-deformation,
Yang-Baxter deformation.
There are two generalisations of this article’s approach which come to mind immedi-
ately. The first one is the generalisation to the Green-Schwarz superstring, whereas an
RNS formulation was already given in [45] in context of the generalised metric formu-
lation. In particular introducing RR-fluxes into the deformation of the current algebra
could be interesting to obtain a direct understand the world-sheet dynamics in an RR-
flux backgrounds – as generically the RR-flux terms in the non-linear σ-model are not
known explicitly. For the Green-Schwarz superstring a complete kinematic description
includes κ-symmetry, which on the other hand is also closely connected to the supergrav-
ity equations [105] and thus dynamics of the background. The fact that this formalism
relies on a flat internal space might be useful to define spacetime fermions in a back-
ground independent way and a formulation of the Green-Schwarz superstring, that is
not only valid in very symmetric spacetimes. In principle the generalised flux formu-
lation of the current algebra in the Green-Schwarz approach was given already in [21],
but without the topological term and without a non-geometric interpretation of the su-
perversion of the generalised fluxes FABC occuring there.
Another generalisation would be to the Hamiltonian treatment ofmembrane σ-models.
There has been a lot of work on topological membrane σ-models. An approach similar
to the one discussed here could be useful to understand the kinetic term of membrane
σ-models better. Also the appearance and the interpretation of expected higher brackets
in the phase space of a membrane seems interesting to study. Very recently a general-
isation of Poisson-Lie T-duality to higher gauge theories was proposed [106], it would
be interesting to investigate whether such dualities are realised in a membrane current
algebra in a similarly simple fashion as (generalised) T-dualities here.
As demonstrated in [38] it is not advantageous to parameterise the background by
the generalised fluxes in order to calculate the 1-loop β-function and check the quantum
conformality like this. But this formulation might be potentially a good framework to
quantise the string canonically. In particular for constant generalised fluxes the equa-
tions of motion (4.11) take the form of a (constrained) Maurer-Cartan structure equa-
tions of a 2d-dimensional (non-compact) Lie group. If it would be possible to construct
a mode expansion, it seems possible to quantise the bosonic theory directly as also the
Virasoro constraint take a simple form in the generalised flux frame.
An open technical problem is the relation of the canonical (deformed) current alge-
bra (6.1) including topological/total derivative terms and the ’double field theory’ algebra
{XI(σ), XJ(σ′)} = −ηI J Θ¯(σ− σ′), as they are not equivalent. It would be very useful to
understand this better as in this relation seems to lie the source of the non-associativity
associated to strong constrain violations in section 4.3. Also, it was mentioned before
that apart from the fact that we assumed our generalised fluxes to be globally well-
defined tensors we only discussed local properties of our globally non-geometric back-
grounds. Previous work discussing current algebras, loop algebras and their global prop-
erties is [43, 44]. Connecting these approaches and the generalised flux formulation of
non-geometric background seems to be an important step for future work.
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